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This is to illustrate how Hermes can solve general nonlinear PDE problems via the
Newton’s method. Consider a problem of the form

−∇ · (a(u)∇u) = f(u), u = 0 on ∂Ω. (1)

The corresponding discrete problem has the form∫
Ω

a(u)∇u · ∇vi dx =

∫
Ω

f(u)vi dx for all i = 1, 2, . . . , N, (2)

where

u(Y ) =
N∑

j=1

yjvj. (3)

Here Y = (y1, y2, . . . , yN)T is the vector of unknown coefficients. Equation (2) can be written
in the compact form

F (Y ) = 0, (4)

where F = (F1, F2, . . . , FN)T with

Fi(Y ) =

∫
Ω

a(u)∇u · ∇vi − f(u)vi dx. (5)

The Jacobi matrix J(Y ) = DF /DY , which is all we need for the Newton’s method, has
the same sparsity structure as the standard stiffness matrix. On the position ij, it has the
value

Jij(Y ) =
∂Fi

∂yj

=

∫
Ω

[
∂a

∂u

∂u

∂yj

∇u+ a(u)
∂∇u
∂yj

]
· ∇vi −

∂f

∂u

∂u

∂yj

vi dx. (6)

Since
∂u

∂yj

= vj and
∂∇u
∂yj

= ∇vj,

equation (6) becomes

Jij(Y ) =

∫
Ω

[
∂a

∂u
(u)vj∇u+ a(u)∇vj

]
· ∇vi −

∂f

∂u
(u)vjvi dx. (7)

Let’s assume that the Jacobi matrix has been assembled. The Newton’s method is written
formally as follows,

Yn+1 = Yn − J−1(Yn)F (Yn),



but a more practical formula is

J(Yn)δYn+1 = −F (Yn). (8)

This is a system of linear algebraic equations that needs to be solved in every iteration. The
Newton’s method will stop when F (Yn+1) is sufficiently close to the zero vector.

Implementation in Hermes

The current way we define linear and bilinear forms in Hermes is perfectly sufficient to define
the function F as well as its Jacobi matrix J = DF /DY , respectively. Both the linear and
bilinear forms will need the global solution Yn as an extra input parameter (we did this
with previous-time-step solutions in time-dependent problems). Right now, Hermes does
the following (taken from Example 03):

// assemble the stiffness matrix and solve the system

Solution sln;

sys.assemble();

sys.solve(1, &sln);

For the Newton’s method, there will be something like

// assemble the stiffness matrix and solve the system

Solution sln;

sys.assemble_newton();

sys.solve(1, &sln);

Here, the method sys.assemble newton() calls sys.assemble() internally to get the stiff-
ness matrix J(Yn) and the right-hand side F (Yn). Then, it changes the right-hand side to
J(Yn)Yn − F (Yn). After calling sys.solve(), the user will have Yn+1. That’s all!

For the stopping criterion, we should allow the user to calculate the residuum F (Yn+1)
(which will be a vector of N real numbers). This will be analogous to the assembling
procedure, but the stiffness matrix will not be created, just the right-hand side.

Note on the linear case

In the linear case we have
F (Y ) = J(Y )Y − b,

where S = J(Y ) is a constant stiffness matrix and b a load vector. Equation (8) yields

SYn+1 = J(Yn)Yn − J(Yn)Yn + b = b.

Therefore, the Newton’s method will converge in one iteration.


