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Abstract

In higher-order finite element codes, numerical quadrature often is the most time-
consuming part of stiffness matrix assembly. When equation coefficients are elemen-
twise constant, the situation is simple on non-curved simplicial elements (triangles,
tetrahedra). The number of precomputed integrals is O(p*) in 2D and O(p%) in 3D. In
this paper we show that something similar can be done for L?-products on non-curved
quadrilateral elements when product shape functions are used. Here, the number of
precomputed integrals only is O(p?). We also discuss integrals containing derivatives.

1 Reference map

Let us begin with introducing a sample reference domain K, a mesh quadrilateral K with
straight edges, and a standard bilinear bijective reference map « : K, — K.
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Here, ¢; = (cf,c?) are the physical coordinates of the vertices of K. We assume the same
ordering of the vertices of K, and K, i.e., x(v;) = ¢;, i = 1,2,...,4. To avoid sign issues in
the substitution theorem, we also assume that the determinant of the Jacobi matrix of the

map x(§) is positive everywhere in K.



The standard bilinear vertex functions ¢; are defined as follows [1]:
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Notice that ¢;(v;) = d;;. Recall from [1] that if the quadrilateral K does not have curved
edges, the reference map (&) has the form
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2 Jacobi matrix

Partial derivatives of the shape functions have the form
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and thus the partial derivatives of the map x(&) are
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The Jacobian of the map (&) has the form
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where

Dy = A'B? — B'A?, D, =A'C*— ('A%, D,=C'B?- B'C*

3 L? products

Let’s calculate the product of two shape functions x; (&1, &) = ¢ (&1)9?(&2) and x;(&1, &) =
V&)Y (&)
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Note that this integral can be assembled easily using two sets of precomputed one-dimensional
integrals:

/_ L o(©e(©)ds and / Ep(©)B(E)de.
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If the maximum polynomial order in the code is p, then this is just 2(p+1)? one-dimensional
integrals to store.

4 Products containing derivatives

Derivatives are transformed between the element K and the reference domain K, as

vinie) = (pe)  Velon)



see, e.g., [1]. The inverse Jacobi matrix of the map x(§) is
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which implies that we will not be able to split its entries into products of the form (&) (&s).
The only way to avoid wasteful repeated computation of integrals of the form
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would be to store them somehow, the full set for every element. Of course this is a huge
amount of data, but on the other hand the integrals could be precalculated adaptively with
a high degree of accuracy (more accurate than with maximum quadrature order).

This is a painful topic because it is so difficult and so important — any ideas are welcome.
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