
TRILINOS Tutorial

Heat equation:

ρcp
∂T

∂t
−∇ · (k∇T )− Q̇ = 0, (x, y) ∈ Ω

Essential boundary conditions

T (x, y) = α(x, y) (x, y) ∈ ∂ΩE

Natural boundary conditions

k(x, y)
∂T

∂n̄
= k∇T · n̄ = β(x, y) (x, y) ∈ ∂ΩN

Simpler problem for the sake of illustration:
steady state head conduction in a rectangle, no sources or sinks

Adiabatic

∇ · (k∇T ) = 0

T (x, 0) = 1, T (x, 1) = 0

Galerkin: Multiply by test function v and integrate over Ω.∫∫
Ω

[∇ · (k∇T )]v dxdy = 0

Product rule for ∇:

∇ · (vk∇T ) = (∇v) · (k∇T ) + v∇ · (k∇T )

v∇ · (k∇T ) = ∇ · (vk∇T )− (∇v) · (k∇T )∫∫
Ω

[∇ · (k∇T )]v dxdy =
∫∫

Ω

∇ · (vk∇T ) dxdy −
∫∫

Ω

(∇v) · (k∇T )dxdy

1



Divergence theorem: ∫∫
Ω

∇ · a dxdy =
∫
∂Ω

a · n̄dS

So ∫∫
Ω

∇ · (vk∇T ) dxdy =
∫
∂Ω

vk∇T · n̄ dS

We now have ∫∫
Ω

∇v · k∇T dxdy −
∫
∂Ω

vk∇T · n̄ dS = 0

∇T · n̄ = 0 on ∂ΩN

Finite Element Problem

Let T (x, y) = u(x, y) ≈ U(x, y) =
N∑
j=1

cjφj(x, y)

v(x, y) ≈ V (x, y) =
N∑
j=1

djφj(x, y)

where φj are FE basis functions.∫∫
∇v · k∇T dxdy =

∑
E

∫∫
Ωe

∇V · k∇U dxdy = 0

∇V · ∇U = vxux · vyuy∫∫
Ωe

[k(VxUx + VyUy)] dxdy

Canonical Element Transformation

Let U0 = U(x(ξ, η), y(ξ, η))
V0 = V (x(ξ, η), y(ξ, η))
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J =
[
xξ xη
yξ yη

]
detJ = xξyη − xηyξ

Vx =
∂V0

∂ξ

∂ξ

∂x
+
∂V0

∂η

∂η

∂x
= V0ηηx + V0ηηx∫∫

Ω0

[k(V0ξξx+V0ηηx)(U0ξξx+U0ηηx)+k(V0ξξy+V0ηηy)(U0ξξy+U0ηηy)] detJe dξdη∫∫
Ω0

[k(ξ2
x+ξ2

y)V0ξU0ξ+k(ξxηx+ξyηy)(V0ξU0η+V0ηU0ξ)+k(η2
x+η2

y)V0ηU0η ] detJedξdη

Let U0(ξ, η) = cTe N(ξ, η) = NT (ξ, η)ce
V0(ξ, η) = dTe N(ξ, η) = NT (ξ, η)de

=
∫∫

Ω0

[ k (ξ2
x + ξ2

y)dTe NξN
T
ξ ce +

k (ξxηx + ξyηy)[dTe NξN
T
η ce + dTe NηN

T
ξ ce] +

k (η2
x + η2

y)dTe NηN
T
η ce] detJe dξdη = dTeKece

Ke =
∫∫

Ω0

[k(ξ2
x+ξ2

y)NξNT
ξ +k(ξxηx+ξyηy)[NξNT

η +NηNT
ξ ]+k(η2

x+η2
y)NηNT

η ] detJe dξdη

∑
E

dTeKece = 0

KC = 0
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