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Abstract — This paper presents a new sequence of affine-equivalentH(curl)- andH(div)-conforming
hierarchic prismatic finite elements of arbitrary polynomial degrees, satisfying De Rham diagram
on hybrid tetrahedral-prismatic-hexahedral meshes. We also present suitableH(curl)- and H(div)-
conforming reference maps that preserve the commutativityof the De Rham diagram.
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1. INTRODUCTION

In the early era of the finite element approximation of the Maxwell’s equations it
was assumed that the right space for the discretization of the electric fieldE was
[H1(Ωh)]

d. It was observed, however, that globally continuous discretizations lead
to spurious waves and other unwanted phenomena (see, e.g., [9,10,16]). Today it
is understood that finite element subspaces of[H1(Ωh)]

d cannot form Galerkin se-
quences in the much larger spaceH(curl,Ωh) – see, e.g., [3]. The discovery of this
fact motivated the development of discontinuous vector-valued elements conform-
ing to the spaceH(curl,Ωh). Since both in 2D and 3D the degrees of freedom on
the lowest-orderH(curl,Ωh)-conforming elements were associated with the element
edges, these elements were namededge elements.

The lowest-order edge elements were first introduced by Whitney [18] in a dif-
ferent context of geometrical integration theory. They were independently rediscov-
ered and applied to the Maxwell’s equations by several authors (see, e.g., [1,4,5]).
In the 1980s the edge elements have been developed mainly in the nodal framework
(Nédélec elements [12,11]). Hierarchic edge (H(curl)) and face (H(div)) elements
appeared more recently (see, e.g., [2,14,17]) due to the rapid development of the
hp-FEM in the last years. These results concerned elements of Cartesian geometries
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(quadrilaterals and hexahedra) and simplicial geometries(triangles and tetrahedra).
In the present paper we complete them by deriving suitable arbitrary-order prismatic
edge and face elements, that can be used to connect the arbitrary-order tetrahedral
and hexahedral elements in hybrid meshes.

It is well-known that there is a strong connection between the good behavior
of edge and face elements and the commuting properties of theDe-Rahm diagram.
The 3D version of the diagram has the form

H1 ∇
−→ H(curl)

∇×
−→ H(div)

∇·
−→ L2. (1.1)

For later reference, in the next Section 2 we mention the standard hierarchic
prismatic element of arbitrary order forH1-conforming approximations. In Sec-
tions 3 and 4 we construct arbitrary-order hierarchic prismatic elements in the
spacesH(curl) andH(div). In Section 5 the De Rham sequence is completed with
arbitrary-order prismatic elements in the spaceL2. Last, for the sake of complete-
ness, Section 6 discusses theH(curl)-, H(div)- andL2-conforming transformation
relations of the master element shape functions into the physical mesh, as needed
for algorithmic and implementation purposes.

2. H1-CONFORMING PRISMATIC ELEMENT K 1
P

Let us choose a reference prismatic geometry in the product form KP = Kt ×Ka,

KP = {ξ ∈ IR3; −1 < ξ1,ξ2,ξ3; ξ1 + ξ2 < 0; ξ3 < 1}, (2.1)

whereKt = ([−1,−1], [1,−1], [−1,1]) is a standard triangular reference domain and
Ka = (−1,1) is a conventional one-dimensional reference interval. Thereference
prismatic domainKP is shown in Figure 1.

One- and two-dimensional affine coordinates in the form

λ1,P(ξ1,ξ2,ξ3) =
ξ2 +1

2
, λ2,P(ξ1,ξ2,ξ3) = −

ξ1 + ξ2

2
, (2.2)

λ3,P(ξ1,ξ2,ξ3) =
ξ1 +1

2
, λ4,P(ξ1,ξ2,ξ3) =

ξ3+1
2

,

λ5,P(ξ1,ξ2,ξ3) =
1−ξ3

2

will be used in the following.
In order to allow for anisotropicp-refinement of the prismatic elements, we as-

sign two local directional orders of approximationpb,1, pb,2 to the element interior.
The orderpb,1 corresponds to the planeξ1ξ2 (we will designate this theplanar di-
rection), and pb,2 to the vertical directionξ3. There are three quadrilateral faces
si , i = 1, . . . ,3, which will be equipped with local directional orders of approxima-
tion psi ,1, psi ,2 (in planar and vertical direction, respectively). Triangular facess4,s5
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Figure 1. The reference prismKP.

come with one local order of approximationpsi only, i = 4,5, and local polynomial
orderspe1, . . . , pe9 are assigned to edges.

These local orders suggest that a finite element of the formK 1
P = (KP,WP, Σ1

P)
will be assigned polynomial space

WP =
{

w∈ Rpb,1,pb,2(KP); w|si ∈ Qpsi ,1,psi ,2(si) for i = 1,2,3; (2.3)

w|si ∈ Ppsi (si) for i = 4,5; w|ej ∈ Ppej (ej), j = 1, . . . ,9} .

Here

Rm1,m2(KP) = span
{

ξ n1
1 ξ n2

2 ξ n3
3 ; (ξ1,ξ2,ξ3) ∈ Kt ×Ka; (2.4)

0 6 n1,n2; n1 +n2 6 m1; 0 6 n3 6 m2} .

Vertex, edge, face and bubble functions will be used to define a suitableH1-
hierarchic basis in the spaceWP.

Vertex functionsϕvj
P , j = 1,2, . . . ,6, are associated with element vertices, and

they provide a complete basis ofWP for lowest-order approximation. We define
them as

ϕvj
P = λ j1,Pλ j2,P. (2.5)
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The indicesj1, j2 correspond to the only two facessj1,sj2 of the reference prismKP
thatdo notcontain the vertexv j (recall that an affine coordinate is associated with
the face where it entirely vanishes). In the standard sense,vertex functionsϕvj

P are
equal to one atv j and vanish at all remaining vertices. Their traces are linear on all
edges. Construction of the vertex functions is illustratedin Figure 2.
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Figure 2. Vertex functionϕv1
P is equal to one at the vertexv1, and vanishes entirely on the facess2,

s5. Thus it vanishes at all remaining vertices.

Edge functionsϕej

k,P, j = 1, . . . ,9, k = 2, . . . , pej , will be designed to coincide
with the Lobatto shape functions(integrated Legendre polynomials)l2, . . . , lpej on
edgesej , j = 1,2, . . . ,9, and will vanish on all remaining edges. Let us choose an
(oriented) edgeej = vi1vi2. By sj1,sj2 we denote the faces of the reference domain
KP that share a single vertexvi1 or vi2 with the edgeej , respectively. Further bysj3
we denote the only face ofKP that does not share any vertex with the edgeej . We
add to the basis ofWP (oriented) edge functions

ϕej

k,P = λ j1,Pλ j2,Pϕk−2(λ j1,P−λ j2,P)λ j3,P, 2 6 k 6 pej . (2.6)

Construction of the edge functions is illustrated in Figure3.
Triangular face functions, associated with facessi , i = 4,5, will be designed

to have onsi a nonzero trace of local polynomial orderk, 3 6 k 6 psi , 1 6 n1,n2;
n1+n2 = k−1, and will vanish on all remaining faces. First we equip eachtriangular
face with a local orientation – we select three verticesvA,vB,vC ∈ si in such a way
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Figure 3. Traces of edge functionsϕe1
n,P, 2 6 n, coincide with the Lobatto shape functionsl2, l3, . . .

on the edgee1, and vanish identically on all faces where the edgee1 is not contained. Thus they also
vanish along all remaining edges.

that vA,vC have the lowest and highest local index, respectively. For each facesi
we therefore have three affine coordinatesλA,λB,λC, such thatλA(vA) = λB(vB) =
λC(vC) = 1. ByλD we denote affine coordinate corresponding to the other triangular
facesD, and write(psi −2)(psi −1)/2 face functions

ϕsi
n1,n2,T = λAλBλCϕn1−1(λB−λA)ϕn2−1(λA−λC)λD, (2.7)

1 6 n1,n2; n1 +n2 6 psi −1.
Quadrilateral face functions, corresponding to facessi , i = 1, . . . ,3, will be

constructed to have onsi a trace of local directional polynomial ordersn1,n2,
2 6 n1 6 psj ,1, 2 6 n2 6 psj ,2, and will vanish on all remaining faces. Local co-
ordinate axes on the faces are now chosen to share direction with the corresponding
horizontal and vertical edges (see Figure 1).

There is a unique pair of edges belonging to the facesi , both of which are parallel
to the planeξ1ξ2. From this pair we select the (oriented) edgeej = v j1v j2 belonging
to the bottom faces4. Further, bysi1,si2 we denote the pair of faces that share a
single vertexv j1 or v j2 with the edgeej , respectively.

We can define face functions

ϕsi
n1,n2,P = λi1,Pλi2,Pλ4,Pλ5,Pϕn1−2(λi1,P−λi2,P)ϕn2−2(λ4,P−λ5,P), (2.8)
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2 6 n1 6 psi ,1, 2 6 n2 6 psi ,2. The construction of face functions is illustrated in
Figure 4.
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Figure 4. Quadrilateral face functionsϕs1
n1,n2,P

, 26 n1,n2 are nonzero on the faces1 and in the ele-
ment interior. They vanish on all faces except fors1 and obviously on all edges and vertices as well.

Bubble functionsvanish everywhere on the boundary of the reference domain.
It will probably come as no surprise that we construct them asproducts of bubble
functions corresponding to the master triangleK 1

t , and the Lobatto shape functions
l2, l3, . . . , lpb,2 in ξ3:

ϕb
n1,n2,n3,P = λ1,Pλ2,Pλ3,Pϕn1−1(λ3,P−λ2,P)ϕn2−1(λ2,P−λ1,P)ln3(ξ3),

(2.9)

1 6 n1,n2; n1 +n2 6 pb,1−1; 26 n3 6 pb,2. Hence the number of bubble functions
is

(pb,1−2)(pb,1−1)(pb,2−1)/2. (2.10)

Numbers of scalar hierarchic shape functions in the basis ofthe spaceWP are
summarized in Table 1.

Proposition 2.1. Shape functions (2.5), (2.6), (2.7), (2.8), and (2.9) constitute
a hierarchic basis of the space WP, defined in (2.3).
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Table 1. Scalar hierarchic shape functions ofK 1
P .

Node Polynomial Number of Number of
type order shape functions nodes

Vertex always 1 6
Edge 26 pej pej −1 9

Triangular face 36 psi (psi −2)(psi −1)/2 2
Quadrilateral face 26 psi ,1, psi ,2 (psi ,1−1)(psi ,2−1) 3

Interior 36 pb,1,2 6 pb,2 (2.10) 1

Proof. Straightforward. �

Remark 2.1 Conditioning. When designing higher-order shape functions, the
conditioning aspect becomes much more pronounced than in the lower-order case.
It is well known that Lobatto shape functions are optimal in 1D (stiffness matrix
for the Laplace operator with zero Dirichlet boundary conditions has the condition
number equal to one). Bubble functions (2.9) were derived from the triangular shape
functions

ϕb
n1,n2,t = λ1,Pλ2,Pλ3,Pϕn1−1(λ3,P−λ2,P)ϕn2−1(λ2,P−λ1,P),

1 6 n1,n2; n1 + n2 6 pb,1 − 1; 2 6 n3 6 pb,2, first introduced in [13], [14]. Their
conditioning was analyzed in [14] with favorable results.

3. H(CURL)-CONFORMING PRISMATIC ELEMENT K CURL
P

As in the scalar case, we allow for anisotropicp-refinement of prismatic elements,
and therefore consider local directional orders of approximation pb,1, pb,2 in the
interior. The orderpb,1 corresponds to the planeξ1ξ2 (we will designate this the
horizontal direction) and pb,2 to the vertical directionξ3. We have three quadri-
lateral facessi , i = 1, . . . ,3, which will be equipped with local directional orders
of approximationpsi ,1, psi ,2 (in horizontal and vertical directions, respectively). Tri-
angular facess4,s5 come with one local order of approximationpsi per face only.
Standard local polynomial orderspe1, . . . , pe9 will be assigned to edges.

A finite element of arbitrary order on the reference domainKP will be con-
structed in the conventional way as a triadK curl

P = (KP,QP, Σcurl
P ). We saw in Sec-

tion 2 that scalar polynomialsϕ on the reference prismKP = Kt ×Ka have a product
form ϕ ∈ Rm1,m2(KP), defined in (2.4). The way the gradient operator∇ acts on a
space of this form,

Rm1+1,m2+1(KP)
∇
−→ Rm1,m2+1(KP)×Rm1,m2+1(KP)×Rm1+1,m2(KP), (3.1)
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determines the choice of an appropriate ancestor space

WP =
{

w∈ Rpb,1+1,pb,2+1(KP); w|si ∈ Qpsi ,1+1,psi ,2+1(si) for i = 1,2,3;

w|si ∈ Ppsi +1(si) for i = 4,5; w|ej ∈ Ppej +1(ej), j = 1, . . . ,9} ,

and suggests that a finite element of the formK curl
P = (KP,QP,Σcurl

P ) should be
equipped with polynomial space

QP =
{

E ∈ Rpb,1,pb,2+1(KP)×Rpb,1,pb,2+1(KP)×Rpb,1+1,pb,2(KP);

Et |si ∈ Qpsi ,1,psi ,2+1(si)×Qpsi ,1+1,psi ,2(si) for i = 1, . . . ,3;

Et |si ∈ (Ppsi )2(si) for i = 4,5;
E · t|ej ∈ Ppej (ej), j = 1, . . . ,9} . (3.2)

Here againEt |si = E−ni(E ·ni) is the projection of the vectorE on the facesi .

Remark 3.1. Relation (3.1) suggests that the first two vector componentsmay
be constructed using productsψt(ξ1,ξ2)l(ξ3) of shape functions associated with the
master triangleK curl

t in ξ1,ξ2, and the Lobatto shape functions inξ3. The third vec-
tor component will be constructed in the form of productsϕt(ξ1,ξ2)L(ξ3) of scalar
shape functions associated with the master triangleK 1

t in ξ1,ξ2, andoriginal Leg-
endre polynomialsin ξ3. To simplify the notation, we will view all two-dimensional
vectors corresponding to the master trianglesK 1

t andK curl
t (normal and tangential

vectors to its edges, vector-valued shape functions, etc.)asthree-dimensional vec-
tors with zero third component. These vectors will obviously be perpendicular to the
third canonical vectorξ 3. We will also use the fact that for each quadrilateral face
si there is a unique matching edgeei of the reference triangleKt .

Edge functionsψej

k,P, j = 1, . . . ,9, k = 0, . . . , pej , will be designed so that the

tangential component ofψej

k,P vanishes on all edges except forej , where it matches
the Legendre polynomialsL0,L1, . . . ,Lpej . Recall reference triangleKt affine coor-
dinates

λ1,t(ξ1,ξ2) =
ξ2 +1

2
, (3.3)

λ2,t(ξ1,ξ2) = −
ξ1+ ξ2

2
,

λ3,t(ξ1,ξ2) =
ξ1 +1

2
,

standard scalar triangular vertex functions

ϕv1
t (ξ1,ξ2) = λ2,t(ξ1,ξ2), (3.4)

ϕv2
t (ξ1,ξ2) = λ3,t(ξ1,ξ2),

ϕv3
t (ξ1,ξ2) = λ1,t(ξ1,ξ2)
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and standardH(curl)-conforming Whitney functions

ψe1
0,t =

λ3,tn2,t

n2,t · t1,t
+

λ2,tn3,t

n3,t · t1,t
, (3.5)

ψe2
0,t =

λ1,tn3,t

n3,t · t2,t
+

λ3,tn1,t

n1,t · t2,t
,

ψe3
0,t =

λ2,tn1,t

n1,t · t3,t
+

λ1,tn2,t

n2,t · t3,t
,

linear edge functions

ψe1
1,t =

λ3,tn2,t

n2,t · t1,t
−

λ2,tn3,t

n3,t · t1,t
, pe1 > 1, (3.6)

ψe2
1,t =

λ1,tn3,t

n3,t · t2,t
−

λ3,tn1,t

n1,t · t2,t
, pe2 > 1,

ψe3
1,t =

λ2,tn1,t

n1,t · t3,t
−

λ1,tn2,t

n2,t · t3,t
, pe3 > 1,

and higher-order edge functions

ψe1
k,t =

2k−1
k

Lk−1(λ3,t −λ2,t)ψe1
1,t −

k−1
k

Lk−2(λ3,t −λ2,t)ψe1
0,t ,

2 6 k 6 pe1, (3.7)

ψe2
k,t =

2k−1
k

Lk−1(λ1,t −λ3,t)ψe2
1,t −

k−1
k

Lk−2(λ1,t −λ3,t)ψe2
0,t ,

2 6 k 6 pe2,

ψe3
k,t =

2k−1
k

Lk−1(λ2,t −λ1,t)ψe3
1,t −

k−1
k

Lk−2(λ2,t −λ1,t)ψe3
0,t ,

2 6 k 6 pe3.

Edge functions corresponding to edgese1, . . . , e3 (bottom of the reference prismKP
is identical with the reference triangleKt) can be written as

ψej

k,P(ξ1,ξ2,ξ3) = ψej

k,t(ξ1,ξ2)l0(ξ3), j = 1, . . . ,3, 0 6 k 6 pej (3.8)

(ej is used here both for edges of the reference prismKP and reference triangleKt).
For vertical edgese4, . . . ,e6 we have edge functions

ψe4
k,P(ξ1,ξ2,ξ3) = ϕv1

t (ξ1,ξ2)Lk(ξ3)ξ 3, 0 6 k 6 pe4, (3.9)

ψe5
k,P(ξ1,ξ2,ξ3) = ϕv2

t (ξ1,ξ2)Lk(ξ3)ξ 3, 0 6 k 6 pe5,

ψe6
k,P(ξ1,ξ2,ξ3) = ϕv3

t (ξ1,ξ2)Lk(ξ3)ξ 3, 0 6 k 6 pe6.
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The last three edgese7, . . . ,e9, corresponding to the top faces5, are equipped with
edge functions

ψej

k,P(ξ1,ξ2,ξ3) = ψej−6

k,t (ξ1,ξ2)l1(ξ3), j = 7, . . . ,9, 0 6 k 6 pej . (3.10)

Next we add to the basis ofQP face functions. Recall the definition of local
coordinate systems for quadrilateral and triangular facesfrom the scalar case.

Face functions for quadrilateral faces.In the first step we generate face func-
tions, the tangential component of which is nonzero only on asingle quadrilateral
facesi , and only in thehorizontaldirection. We define

ψsi ,1
n1,n2,P = ψei

n1,t(ξ1,ξ2)ln2(ξ3), 0 6 n1 6 psi ,1, 2 6 n2 6 psi ,2 +1. (3.11)

Here we use the same symbol for two matching edgesei of the reference triangle and
prism. These functions completely vanish on both triangular facess4 ands5, since
the Lobatto shape functionsl i(±1) = 0, i = 2,3, . . . . The tangential component of
functionsψsi ,1

n1,n2,P
in the vertical directionξ3 vanishes everywhere due to their zero

third vector component. The rest immediately follows from properties ofH(curl)-
conforming edge functionsψei

n1,t associated with the master triangle.
Remaining face functions for quadrilateral faces will be designed to have a

nonzero tangential component only on a single quadrilateral face si , and only in
thevertical direction:

ψsi ,2
n1,n2,P = ϕei

n1,t(ξ1,ξ2)Ln2(ξ3)ξ 3, 2 6 n1 6 psi ,1 +1, 0 6 n2 6 psi ,2. (3.12)

Standard scalar edge functions of the master triangleK 1
t have the form

ϕe1
k,t = λ2,tλ3,tϕk−2(λ3,t −λ2,t), 2 6 k 6 pe1, (3.13)

ϕe2
k,t = λ3,tλ1,tϕk−2(λ1,t −λ3,t), 2 6 k 6 pe2,

ϕe3
k,t = λ1,tλ2,tϕk−2(λ2,t −λ1,t), 2 6 k 6 pe3.

These functions makeψsi ,2
n1,n2,P

vanish completely on the remaining vertical faces,
andξ 3 ensures that their tangential components vanish moreover on horizontal faces
s4,s5.

Face functions for triangular faces s4,s5 will be constructed in a similar way to
face functions for the master tetrahedronK curl

T (see, e.g., [14]). First we assign to
these faces the same local orientation as in the scalar case in Section 2.

There are threeedge-based triangular face functionsfor each facesi , i = 4,5:
Put l(ξ3) = l0(ξ3) if i = 4, andl(ξ3) = l1(ξ3) otherwise. Let us begin with an edge
ej = vAvB of the facesi , which is also shared by another facesD. The product
λAλBl(ξ3), λA(vA) = λB(vB) = 1 vanishes on all faces except forsi ,sD, and gives
a quadratic trace onej . This trace is again extended tokth-order polynomials by
multiplying it with Lk−2(λB−λA), k = 2,3, . . . , psi . We use the normal vectornD to
eliminate the tangential component from the facesD, and define

ψsi ,ej
n1,P = λAλBLn1−2(λB−λA)l(ξ3)nD, n1 = 2,3, . . . , psi . (3.14)
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Figure 5. Consider the triangular faces4 and its edgee1, which matches edgee1 of the reference
triangleKt . Multiplied by l0(ξ3), the edge functionsψe1

n1,t , 26 n1 6 ps4, yield a set of edge-based face
functionsψs4,e1

n1,P
, 26 n1 6 ps4: (a), (b), (c)they vanish completely on facess2,s3 (ψe1

n1,t ≡ 0 ons2,s3)
ands5 (l0(1) = 0); (d) the tangential component vanishes also on faces1.

The construction is illustrated in Figure 5.
Genuine triangular face functionswill also be constructed in a way similar to

the tetrahedral case (see, e.g., [14]):

ψsi ,1
n1,n2,P

= λAλBλCLn1−1(λB−λA)Ln2−1(λA−λC)l(ξ3)tAB, (3.15)

ψsi ,2
n1,n2,P = λAλBλCLn1−1(λB−λA)Ln2−1(λA−λC)l(ξ3)tCA,

1 6 n1,n2; n1 +n2 6 psi −1. The symbolstAB, tCA stand for unitary tangential vec-
tors to the edgeseAB = vAvB, eCA = vCvA, respectively. The construction is illustrated
in Figure 6.

The basis of the spaceQP will be completed by addingbubble functions, whose
tangential component vanishes everywhere on the surface ofthe reference prismKP.

First let us complete the part of the basis corresponding to the two first vector
components. This is done by multiplying edge-based and genuine bubble functions
associated with the master triangleK curl

t by the Lobatto shape functions inξ3. Thus
we obtainquadrilateral-face-based bubble functions

ψb,si
n1,n2,P = ψb,ei

n1,t (ξ1,ξ2)ln2(ξ3), i = 1, . . . ,3, (3.16)
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Figure 6. Again consider faces4. Multiplied by tangential vectorstAB and tCA, the product
λAλBλCLn1−1(λB− λA)Ln2−1(λA −λC)l0(ξ3) gives rise to genuine face functionsψs4,1

n1,n2,P
,ψs4,2

n1,n2,P
,

respectively:(a), (b), (c), (d) they vanish completely on all faces except fors4; (e), (f) their tangential
component is generally nonzero on faces4.

2 6 n1 6 pb,1, 26 n3 6 pb,2 +1, andgenuine bubble functions

ψb,m
n1,n2,n3,P = ψb,m

n1,n2,t(ξ1,ξ2)ln3(ξ3), (3.17)

1 6 n1,n2; n1 +n2 6 pb,1−1; 26 n3 6 pb,2 +1; m= 1,2.
Finally we designtriangular-face-basedbubble functions, which are only nonzero

in their third component. This can be done by multiplying scalar bubble functions
associated with the master triangleK 1

t in ξ1,ξ2 by original Legendre polynomials
in ξ3:

ψb,3
n1,n2,n3,P = ϕb

n1,n2,t(ξ1,ξ2)Ln3(ξ3)ξ 3, (3.18)

1 6 n1,n2, n1 +n2 6 pb,1, 06 n3 6 pb,2.
Numbers of vector-valued shape functions in the hierarchicbasis of the space

QP are summarized in Table 2.

Proposition 3.1. Edge functions (3.8), (3.9), (3.10), face functions (3.11), (3.12),
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Table 2. Vector-valued hierarchic shape functions ofK curl
P .

Node Polynomial Number of No. of
type order shape functions nodes

Edge always pej +1 9
Quad. face horiz. 16 psi ,2 (psi ,1 +1)psi ,2 3
Quad. face vert. 16 psi ,1 (psi ,2 +1)psi ,1 3
Tri. edge face 26 psi 3(psi −1) 2

Tri. face genuine 36 psi (psi −1)(psi −2) 2
Quad. face bubble 26 pb,1,1 6 pb,2 3(pb,1−1)pb,2 1
Genuine bubble 36 pb,1,1 6 pb,2 (pb,1−1)(pb,1−2)pb,2 1
Tri. face bubble 26 pb,1 (pb,1−1)pb,1(pb,2 +1)/2 1

(3.14), (3.15), and bubble functions (3.16), (3.17) and (3.18) constitute a hierarchic
basis of the space QP defined in (3.2).

Proof. It is easy to see that all of the aforementioned shape functions belong to
the vector-valued polynomial spaceQP.

Next we verify that all shape functions are linearly independent. Edge functions
associated with horizontal edges have a zero third component, while edge functions
belonging to vertical edges only have a nonzero third component. Further, edge
functions corresponding to horizontal edgese1,e2,e3 on the bottom completely van-
ish on the top faces5 and vice versa. Thus, functions from these three groups are
linearly independent, and so are functions within each group, since traces of their
tangential components match Legendre polynomials on appropriate edges.

Horizontal quadrilateral face functions (3.11) are linearly independent of the
verticalones, defined by (3.12), since they again reside in differentvector-components.
Linear independence within each group follows from the linear independence of the
functions used for their definition.

Edge-based triangular face functions are linearly independent of the genuine
ones because the latter vanish completely on all quadrilateral faces, with obvious
results. Also, linear independence of bubble functions follows logically from the
properties of scalar and vector-valued functions used for their definition.

The tedious step, as always, is to verify that the number of basis functions ex-
actly matches the dimension of the spaceQP. Let us start with a simplified sit-
uation, in which the element is generally anisotropicallyp-refined, but local or-
ders of approximation on faces and edges arenot reducedby local nonuniform
distribution of the order of approximation in the physical mesh. Thus we have
pb,1 = ps1,1 = · · · = ps3,1 = ps4 = ps5 = pe1 = · · · = pe3 = pe7 = · · · = pe9, and
pb,2 = ps1,2 = · · · = ps3,2 = pe4 = · · · = pe6. After a brief computation, we obtain
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that

dim(QP) = (pb,1 +1)(pb,1 +2)
︸ ︷︷ ︸

A

(pb,2 +2)
︸ ︷︷ ︸

B

+
(pb,1 +2)(pb,1 +3)

2
︸ ︷︷ ︸

C

(pb,2 +1)
︸ ︷︷ ︸

D

,

whereA is the dimension of polynomial space associated with the master triangle
K curl

t of order pb,1, B is the number of the Lobatto shape functionsl0, . . . , lpb,2+1,
C is the dimension of scalar polynomial space associated withthe master trian-
gle K 1

t of order pb,1 + 1, and finally,D corresponds to the dimension of one-
dimensional polynomial space generated by Legendre polynomialsL0, . . . ,Lpb,2. No-
tice that numbersA,B correspond to functions with zero third components, andC,D
to functions whose two first components are zero. Now let us compute the basis
functions:

1. Functions with zero third component:

(a) Horizontal edges contribute 2·3(pb,1 +1) edge functions (3.8), (3.10),

(b) quadrilateral faces yield 3(pb,1+1)pb,2 (horizontal) face functions (3.11),

(c) and we have 2·3(pb,1−1) edge-based triangular face functions (3.14).

(d) Further there are 3(pb,1 − 1)pb,2 quadrilateral face-based bubble func-
tions (3.16),

(e) 2(pb,1−1)(pb,1−2) genuine triangular face functions (3.15), and finally

(f) (pb,1−1)(pb,1−2)pb,2 genuine bubble functions (3.17).

2. Functions whose two first components are zero:

(a) Vertical edges contribute 3(pb,2 +1) edge functions (3.9),

(b) quadrilateral faces yield 3(pb,1 +1)pb,2 vertical face functions (3.12),

(c) and there are(pb,1 − 1)pb,1(pb,2 + 1)/2 triangular face-based bubble
functions (3.18).

Summing up entries in the the first part, we arrive at

(pb,1 +1)(pb,1 +2)(pb,2 +2).

The second part involves

(pb,1 +2)(pb,1 +3)

2
(pb,2 +1)

shape functions. Thus, the number of shape functions exactly matches the dimension
of the spaceQP.
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All that remains to be done is to verify that this is also validwhen local orders
of approximation on edges and faces reduce. This can alreadybe easily seen, taking
one local order of approximation after another, reducing itand observing that the
reduction of dimension of the spaceQP exactly corresponds to the reduction of the
number of corresponding shape functions. �

4. H(DIV)-CONFORMING PRISMATIC ELEMENT K DIV
P

Consider local directional orders of approximationpb,1, pb,2 in the element inte-
rior. The orderpb,1 corresponds to the planeξ1ξ2 (again, we will designate this
the horizontal direction), and pb,2 to thevertical directionξ3. Quadrilateral faces
si , i = 1, . . . ,3, are assigned local directional orders of approximationpsi ,1, psi ,2 (in
horizontal and vertical direction, respectively). Triangular facess4,s5 come with
one local order of approximationpsi only, i = 4,5. Edges are not constrained by
H(div)-conformity requirements.

The De Rham diagram (1.1) suggests that a finite element of theform K div
P =

(KP,VP,Σdiv
P ) should be equipped with a vector-valued polynomial space

VP =
{

v∈ Rpb,1,pb,2(KP)×Rpb,1,pb,2(KP)×Rpb,1−1,pb,2+1(KP);

v·n|si ∈ Qpsi ,1,psi ,2(si) for i = 1, . . . ,3;

v·n|si ∈ Ppsi (si) for i = 4,5} , (4.1)

which is defined only ifpb,1 > 1. The appropriate ancestor space has the form (3.2),

QP =
{

E ∈ Rpb,1,pb,2+1(KP)×Rpb,1,pb,2+1(KP)×Rpb,1+1,pb,2(KP);

Et |si ∈ Qpsi ,1,psi ,2+1(si)×Qpsi ,1+1,psi ,2(si) for i = 1, . . . ,3;

Et |si ∈ (Ppsi )2(si) for i = 4,5;

E · t|ej ∈ Ppej (ej); j = 1, . . . ,9} .

The design of the finite elementK div
P will be accomplished by defining a suit-

able hierarchic basis of the spaceVP.

Remark 4.1. Similarly as in theH(curl)-conforming case, we will exploit the
product geometryKP = Kt ×Ka to simplify the construction. The De Rham diagram
indicates that the first two vector components of the shape functions should be con-
structed as products of shape functions associated with themaster elementK div

t in
ξ1,ξ2 (again formally extended to 3D by adding zero third component), and Legen-
dre polynomials inξ3, while the third vector component should have the form of a
product of scalar shape functions of the master elementK 1

t in ξ1,ξ2, and Legendre
polynomials inξ3.

The basis of the spaceVP will compriseface functionswhose normal component
vanishes in the standard sense on all faces but one, andbubble functionswhose
normal component vanishes on all faces.



16 P. Šol ín and K. Segeth

Simplifying the notation as explained in Remark 4.1, face functions for quadri-
lateral facessi , i = 1, . . . ,3, can be written as

γsi
n1,n2,P(ξ1,ξ2,ξ3) = γei

n1,t(ξ1,ξ2)Ln2(ξ3), 0 6 n1 6 psi ,1, 0 6 n2 6 psi ,2, (4.2)

where the standard two-dimensional Whitney functionsγei
n1,t have the form

γe1
0,t =

λ3,tt2,t

t2,t ·n1,t
+

λ2,tt3,t

t3,t ·n1,t
, (4.3)

γe2
0,t =

λ1,tt3,t

t3,t ·n2,t
+

λ3,tt1,t

t1,t ·n2,t
,

γe3
0,t =

λ2,tt1,t

t1,t ·n3,t
+

λ1,tt2,t

t2,t ·n3,t
,

linear edge functions are written as

γe1
1,t =

λ3,tt2,t

t2,t ·n1,t
−

λ2,tt3,t

t3,t ·n1,t
, pe1 > 1, (4.4)

γe2
1,t =

λ1,tt3,t

t3,t ·n2,t
−

λ3,tt1,t

t1,t ·n2,t
, pe2 > 1,

γe3
1,t =

λ2,tt1,t

t1,t ·n3,t
−

λ1,tt2,t

t2,t ·n3,t
, pe3 > 1,

and higher-order edge functions are defined as

γe1
k,t =

2k−1
k

Lk−1(λ3,t −λ2,t)γe1
1,t −

k−1
k

Lk−2(λ3,t −λ2,t)γe1
0,t ,

2 6 k 6 pe1; (4.5)

γe2
k,t =

2k−1
k

Lk−1(λ1,t −λ3,t)γe2
1,t −

k−1
k

Lk−2(λ1,t −λ3,t)γe2
0,t ,

2 6 k 6 pe2;

γe3
k,t =

2k−1
k

Lk−1(λ2,t −λ1,t)γe3
1,t −

k−1
k

Lk−2(λ2,t −λ1,t)γe3
0,t ,

2 6 k 6 pe3.

The compatibility of face functions (4.2) with face functions of the master brick
K div

B = (−1,1)3 (see, e.g., [14]) is an immediate effect of the fact that nonzero nor-
mal components of 2D edge functionsγei

n1,t are the Legendre polynomialsL0,L1, . . . .
Face functions for triangular facess4 ands5 will reside only in the third vector

component. Their construction is very similar as their local orientations are the same
as that of the master triangleK div

t . Let us consider the faces5 first. First we need a
Whitney triangular face function, whose normal component on the faces5 would be
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equal to one. Such a function will always be present in the basis of VP, and we can
define it as

γs5
0,P(ξ1,ξ2,ξ3) =

3

∑
k=1

ϕvk
t (ξ1,ξ2)

︸ ︷︷ ︸

≡1

l1(ξ3)n5,T , (4.6)

whereϕvk
t , k = 1, . . . ,3, are scalar vertex functions of the master triangleK 1

t . Sim-
ilarly we define for the faces5 linear triangular face functions

γs5,1
1,P (ξ1,ξ2,ξ3) = (ϕv2

t −ϕv1
t ) (ξ1,ξ2)l1(ξ3)n5,P, (4.7)

γs5,2
1,P (ξ1,ξ2,ξ3) = (ϕv1

t −ϕv3
t ) (ξ1,ξ2)l1(ξ3)n5,P,

which are present in the basis ofVP if ps5 > 1.
Edge-based triangular face functionsrelated to the faces5 can be written as

γs5,ej

k,T = ϕej

k,t(ξ1,ξ2)l1(ξ3)n5,P, 2 6 k 6 ps5; j = 7,8,9. (4.8)

Their normal components have the same form as those of the edge-based face func-
tions of the master tetrahedron([−1,−1,−1], [1,−1,−1], [−1,1,−1], [−1,1,1])
(see, e.g., [14]). The last group of face functions for the faces5 aregenuine triangu-
lar face functions,

γs5
n1,n2,T

= ϕb,1
n1,n2,t(ξ1,ξ2)l1(ξ3)n5,P, (4.9)

1 6 n1,n2; n1 + n2 6 ps5 − 1, whose nonzero normal components match those of
genuine face functions of the master tetrahedron.

As for faces4, we only usel0(ξ3) instead ofl1(ξ3) to let the functions vanish on
the opposite triangular faces5 and exchangen5,P for n4,P.

At this point we need only bubble functions to complete the basis of the space
VP. Let us begin with functions that are only nonzero in their first two vector com-
ponents. We havehorizontal bubble functionsof the form

γb,1
n1,n2,n3,P = γb

t (ξ1,ξ2)Ln3(ξ3), 0 6 n3 6 pb,2, (4.10)

whereγb
t stands for edge-based bubble functions

γb,e1
k,t = λ3,tλ2,tLk−2(λ3,t −λ2,t)t1,t , 2 6 k 6 pb, (4.11)

γb,e2
k,t = λ1,tλ3,tLk−2(λ1,t −λ3,t)t2,t , 2 6 k 6 pb,

γb,e3
k,t = λ2,tλ1,tLk−2(λ2,t −λ1,t)t3,t , 2 6 k 6 pb,

and genuine bubble functions

γb,1
n1,n2,t = λ1,tλ2,tλ3,tLn1−1(λ3,t −λ2,t)Ln2−1(λ2,t −λ1,t)ξ 1, (4.12)

γb,2
n1,n2,t = λ1,tλ2,tλ3,tLn1−1(λ3,t −λ2,t)Ln2−1(λ2,t −λ1,t)ξ 2,
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1 6 n1,n2; n1 +n2 6 pb−1, of the master triangleK div
t up to the orderpb,1 (recall

that in this casepb,1 > 1). Their number is
(

3(pb,1−1)+ (pb,1−1)(pb,1−2)
)

(pb,2 +1). (4.13)

Vertical bubble functionswhose third vector component is the only one that is
nonzero are defined as

γb,2
n1,n2,n3,P

= ϕt(ξ1,ξ2)l0(ξ3)l1(ξ3)Ln3−2(ξ3)ξ 3, 2 6 n3 6 pb,2 +1, (4.14)

whereϕt stands forall scalar shape functionsup to the orderpb,1 − 1, associated
with the master triangleK 1

t . Scalar shape functions are here understood in the
above sense, i.e., involving one constant lowest-order function ϕv1

t +ϕv2
t +ϕv3

t , two
linear functions and standard higher-order edge and bubblefunctions.

Numbers of vector-valued shape functions in the hierarchicbasis of the space
VP are summarized in Table 3.

Table 3. Vector-valued hierarchic shape functions ofK div
P .

Node Polynomial Number of No. of
type order shape functions nodes

Quad. face(i = 1,2,3) always (psi ,1 +1)(psi ,2 +1) 3
Tri. face(i = 4,5) always (psi +1)(psi +2)/2 2
Horizontal bubble 26 pb,1 see (4.13) 1

Vertical bubble 16 pb,2 pb,1(pb,1 +1)pb,2/2 1

Proposition 4.1. Quadrilateral face functions (4.2), triangular face functions
(4.6), (4.7), (4.8) and (4.9), and bubble functions (4.10) and (4.14) constitute a
hierarchic basis of the space VP, defined in (4.1).

Proof. It is easy to see that all shape functions belong to the spaceVP, and
their product structure easily reveals their linear independence. Finally we have to
verify that their number is equal to the dimension of the space VP. In this case the
computation is easy, looking separately at basis functionswith a zero third vector
component (4.6), (4.7), (4.8), (4.9) and (4.14), and at basis functions with zero first
two vector components (4.2) and (4.10). �

5. L2-CONFORMING HIERARCHIC ELEMENT K L2

P

Let us briefly discuss the design ofL2-conforming finite elements of arbitrary or-
der on the reference domainKP. Since no conformity restrictions are imposed on
vertices, edges and faces, all shape functions arebubble functions.
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Consider local directional polynomial orders of approximation pb,1, pb,2 in the
element interior (pb,1 in horizontal directionξ1ξ2, andpb2 in thevertical direction
ξ3 as before). Anisotropicp-refinement of this element is allowed only in the verti-
cal direction. The basis of the space

XP = Rpb,1,pb,2(KP), (5.1)

consists of(pb,1 +1)(pb,1 +2)(pb,2 +1)/2 bubble functions

ωb
n1,n2,n3,P = Ln1(λ3,t −λ2,t)Ln2(λ2,t −λ1,t)Ln3(ξ3), (5.2)

0 6 n1,n2; n1 +n2 6 pb,1; 0 6 n3 6 pb,2.

Proposition 5.1. Shape functions (5.2) form a basis of the space XP, defined in
(5.1).

6. REFERENCE TRANSFORMATIONS

Before one can design global basis functions of the finite-dimensional finite element
spaceVh,p, master element polynomial spaces have to be transformed elementwise
to the physical meshTh,p.

The transformation rule is well known forH1-conforming approximations (see
below); however, in theH(curl)- andH(div)-conforming case one must be careful
to preserve thecommutativity of the De Rham diagram(1.1) between the reference
domain and physical mesh level. It turns out that the master element polynomial
spaces have to be transformed differently forH1, H(curl)- andH(div)-conforming
approximations (see, e.g., [7], [8]).

Consider a reference domain̂K, physical mesh elementK ∈ Th,p, sufficiently
smooth bijective reference map

xK(ξ ) : K̂ → K,

and the four appropriate types of master elements:

1. H1 master elementK 1 = (K̂,Ŵ,Σ1),

2. H(curl) master elementK curl = (K̂,Q̂,Σcurl),

3. H(div) master elementK div = (K̂,V̂,Σdiv) and

4. L2 master element ˆK L2
= (K̂, X̂,ΣL2

).
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H1-conforming elements The situation is conventional in theH1-conforming case,
where the mappingΦ1

K from the master element spaceŴ(K̂) to the corresponding
spaceW(K) on the elementK,

Ŵ(K̂)


yΦ1

K

W(K),

(6.1)

requires that the function value of the master element shapefunction ŵ at each
reference pointξ ∈ K̂ coincides with the value of the transformed shape functionw
at its imagex = xK(ξ ) ∈ K. Hence the transformation rule reads

w = Φ1
K(ŵ) = ŵ◦x−1

K , (6.2)

or, in other words,
w(x) = ŵ(ξ ) wherex = xK(ξ ). (6.3)

The polynomial space on the mesh elementK has the form

W = Φ1
K(Ŵ). (6.4)

In the following we will need the reference map to be at leastC2-smooth.

H(curl)-conforming elements The transformΦcurl
K of the master element space

Q̂(K̂) has to be designed in such a way that theH1−H(curl) part of the De Rham
diagram,

Ŵ(K̂)
∇ξ
−→ Q̂(K̂)



yΦ1

K



yΦcurl

K

W(K)
∇x−→ Q(K),

(6.5)

commutes. This means that starting with a scalar shape function ŵ ∈ Ŵ(K̂), one
arrives at the same vector-valued functionE ∈ Q(K) either way. In other words,

∇x(ŵ◦x−1
K ) = Φ1

K(∇ξ ŵ) (6.6)

has to hold for all ˆw∈ Ŵ(K̂).
It is not difficult to findΦcurl

K : use the chain rule to differentiate

∇x(ŵ◦x−1
K )(x) =

(
DxK

Dξ
(ξ |ξ=x−1

K (x))

)−T

∇ξ ŵ(ξ |ξ=x−1
K (x)) (6.7)

=

[(
DxK

Dξ

)−T

∇ξ ŵ

]

◦x−1
K (x).
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Hence, theH(curl) transformation rule reads

E = Φcurl
K (Ê) =

[(
DxK

Dξ

)−T

Ê

]

◦x−1
K , (6.8)

and the master element polynomial spaceQ̂ transforms to

Q = Φcurl
K (Q̂). (6.9)

This conclusion holds both in 2D and 3D (also see [7], [8]).

Remark 6.1 Transformation of the curl operator. It has been shown in [8]
that the curl operator∇x× in the physical mesh can be written by means of the
curl operator∇ξ× on the reference domain as follows,

∇x×E = J−1
K (∇ξ × Ê). (6.10)

We use the symbol

JK(ξ ) = det

(
DxK

Dξ

)

for the Jacobian of the reference mapxK , which is assumed to be always positive.

H(div)-conforming elements The divergence section of the De Rham diagram is
different in 2D and 3D (recall that it relatesH1 with H(div) in 2D andH(curl) with
H(div) in 3D). Therefore let us begin with the 2D case. In the same wayas above it
is necessary that the diagram

Ŵ(K̂)
∇ξ×
−→ V̂(K̂)



yΦ1

K



yΦdiv

K

W(K)
∇x×−→ V(K)

(6.11)

commutes, i.e., that
∇x× (ŵ◦x−1

K ) = Φcurl
K (∇ξ × ŵ) (6.12)

holds for allŵ∈ Ŵ(K̂). Recall that in 2D,curlξ = ∇ξ× = (−∂/∂ξ2, ∂/∂ξ1).
Applying the operator∇ξ× to the expression

ŵ(ξ ) = (w◦xK)(ξ ),
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we obtain






−
∂ ŵ
∂ξ2
∂ ŵ
∂ξ1







=







∂xK,2

∂ξ2
−

∂xK,1

∂ξ2

−
∂xK,2

∂ξ1

∂xK,1

∂ξ1












−
∂w
∂x2
∂w
∂x1




 .

Standard identity on inverse matrices yields that






∂xK,2

∂ξ2
−

∂xK,1

∂ξ2

−
∂xK,2

∂ξ1

∂xK,1

∂ξ1







−1

=

(
DxK

Dξ

)T

J−1
K .

Hence theH(div) transformation rule reads

v = Φdiv
K (v̂) =

[(
DxK

Dξ

)T

J−1
K v̂

]

◦x−1
K , (6.13)

and the master element polynomial spaceV̂ transforms to

V = Φdiv
K (V̂). (6.14)

Remark 6.2. Notice that in analogy to theH(curl)-conforming case, where the
vector-valued shape functions were transformed as gradients, theH(div)-conforming
vector-valued shape functions transform as curls.

The result (6.13) holds in unchanged form also in 3D, where welook at the
H(curl)−H(div) section of the De Rham diagram,

Q̂(K̂)
∇ξ×
−→ V̂(K̂)



yΦcurl

K



yΦdiv

K

Q(K)
∇x×−→ V(K)

(6.15)

(also see [7], [8]).

L2-conforming elements Finally we come to theH(div)−L2 part of the De Rham
diagram,

V̂(K̂)
∇ξ ·
−→ X̂(K̂)



yΦdiv

K



yΦL2

K

V(K)
∇x·−→ X(K),

(6.16)
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which dictates thatH(div)-conforming master element shape functions have to be
transformedas the divergence. Thus the transformation rule reads

ω = ΦL2

K (ω̂) = [J−1
K ω̂ ]◦x−1

K . (6.17)

Standard identity on determinants,

∂JK

∂ξ j
= ∑

i,k

(
DxK

Dξ

)−1

ki

∂
∂ξ j

(
DxK

Dξ

)

ik
,

is used for the derivation of (6.17). The master element polynomial spaceX̂(K̂),
transformed to the physical mesh, becomes

X = ΦL2

K (X̂). (6.18)
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11. J. C. Nédélec, Mixed finite elements in IR3. Numer. Math.(1980)93, 315–341.
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15. P.Šolin, K. Segeth, I. Doležel, M. Z´itka, Design of scalar and vector-valued hierarchic finite
elements in 2D and 3D. In:ADMOS 2003 CD ROM (Proceedings of Conference, Göteborg
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