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Abstract — This paper presents a new sequence of affine-equivdlgnirl)- andH (div)-conforming
hierarchic prismatic finite elements of arbitrary polynamiegrees, satisfying De Rham diagram
on hybrid tetrahedral-prismatic-hexahedral meshes. \8e alesent suitablel (curl)- and H (div)-
conforming reference maps that preserve the commutati¥itiye De Rham diagram.
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1. INTRODUCTION

In the early era of the finite element approximation of the Walks equations it
was assumed that the right space for the discretizationeoékixctric fielde was
[H1(Qp)]9. It was observed, however, that globally continuous ditszations lead
to spurious waves and other unwanted phenomena (see,%1§,1/6]). Today it
is understood that finite element subspacefHd{Qy)]4 cannot form Galerkin se-
quences in the much larger spadécurl, Q) — see, e.g., [3]. The discovery of this
fact motivated the development of discontinuous vectdwed elements conform-
ing to the spacéd (curl, Q). Since both in 2D and 3D the degrees of freedom on
the lowest-ordeH (curl, Qn)-conforming elements were associated with the element
edges, these elements were naredde elements

The lowest-order edge elements were first introduced by M#if18] in a dif-
ferent context of geometrical integration theory. Theyaiadependently rediscov-
ered and applied to the Maxwell's equations by several ast{see, e.g., [1,4,5]).
In the 1980s the edge elements have been developed maihly notlal framework
(Nédélec elements [12,11]). Hierarchic edgg url)) and face K (div)) elements
appeared more recently (see, e.g., [2,14,17]) due to thd dgvelopment of the
hp-FEM in the last years. These results concerned elementarté€ian geometries
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(quadrilaterals and hexahedra) and simplicial geometniesgles and tetrahedra).
In the present paper we complete them by deriving suitabiérary-order prismatic
edge and face elements, that can be used to connect theugroitder tetrahedral
and hexahedral elements in hybrid meshes.

It is well-known that there is a strong connection betweenghod behavior
of edge and face elements and the commuting properties afg¢kliRahm diagram.
The 3D version of the diagram has the form

H 2 Heurl) 25 Hidiv) 2 12 (1.1)

For later reference, in the next Section 2 we mention thedstahhierarchic
prismatic element of arbitrary order fét!-conforming approximations. In Sec-
tions 3 and 4 we construct arbitrary-order hierarchic pamelements in the
spaced (curl) andH (div). In Section 5 the De Rham sequence is completed with
arbitrary-order prismatic elements in the sphéeLast, for the sake of complete-
ness, Section 6 discusses thécurl)-, H(div)- andL2-conforming transformation
relations of the master element shape functions into theiphlymesh, as needed
for algorithmic and implementation purposes.

2. H1-CONFORMING PRISMATIC ELEMENT 73

Let us choose a reference prismatic geometry in the productKp = K; x K,

Ke={& €R% —1<&,&,&; &1+8<0; &< 1}, (2.1)

whereK; = ([-1,-1],[1,—1],[—1,1]) is a standard triangular reference domain and
Ka = (—1,1) is a conventional one-dimensional reference interval. fEference
prismatic domairKp is shown in Figure 1.

One- and two-dimensional affine coordinates in the form

1
el &&) = T hpE b ) = T2 @2
C R S A
doplbn&&s) = T

will be used in the following.

In order to allow for anisotropip-refinement of the prismatic elements, we as-
sign two local directional orders of approximatiph®, p°2 to the element interior.
The orderp®! corresponds to the plardg&, (we will designate this thelanar di-
rectior), and p®2 to the vertical direction &;. There are three quadrilateral faces
s,i=1,...,3, which will be equipped with local directional orders ofpapxima-
tion p:1, p%2 (in planar and vertical direction, respectively). Triatagifacesss, ss
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Figure1l. The reference prisi{p.

come with one local order of approximatigd only, i = 4,5, and local polynomial
ordersp®, ..., p*® are assigned to edges.

These local orders suggest that a finite element of the f#fin= (Kp,Wp, Z})
will be assigned polynomial space

W = {We o1 gp2(Kp); Wi € L5 s2(s) fori=1,2,3; (2.3)
Wls € Zps(s) fori =4,5; Wi, € P (€), j=1,...,9}.

Here

P (Kp) = span{&MERE; (&1,82,&3) € Ki x Ky; (2.9)
0<ny,mp; m+np<m; 0<ng <mp}.

Vertex edge face and bubble functions will be used to define a suitale!-
hierarchic basis in the spade.

Vertex functionspgj, j=1,2,...,6, are associated with element vertices, and
they provide a complete basis W for lowest-order approximation. We define
them as

b0 = Aj,pAj,p- (2.5)
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The indicesjy, j» correspond to the only two faceg, s, of the reference prisr{p
thatdo notcontain the vertex; (recall that an affine coordinate is associated with
the face where it entirely vanishes). In the standard setstex functions;b;j are
equal to one a¥; and vanish at all remaining vertices. Their traces are tinezll
edges. Construction of the vertex functions is illustrate8igure 2.

Figure 2. Vertex functionqb,‘;’1 is equal to one at the vertex, and vanishes entirely on the faces
s5. Thus it vanishes at all remaining vertices.

Edge functionsﬁlffp, j=1,...,9, k=2,...,p%, will be designed to coincide
with the Lobatto shape function§ntegrated Legendre polynomials) ...l on
edgesej, j =1,2,...,9, and will vanish on all remaining edges. Let us choose an
(oriented) edge; = vi,Vi,. By sj;,sj, we denote the faces of the reference domain
Kp that share a single vertex or vi, with the edgee;, respectively. Further bg;,
we denote the only face &fp that does not share any vertex with the edgenNe
add to the basis ofp (oriented) edge functions

B = A PAj PPk 2(Ajp — App)Ajsp, 2<K< PT. (2.6)

Construction of the edge functions is illustrated in FigBre

Triangular face functionsassociated with faces, i = 4,5, will be designed
to have ons a nonzero trace of local polynomial order3 < k< p¥, 1< ng,ny;
n; +np =k—1, and will vanish on all remaining faces. First we equip éaemgular
face with a local orientation — we select three vertiega/g, Ve € § in such a way
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Figure 3. Traces of edge functionfsnefl , 2< n, coincide with the Lobatto shape functiobsls, ...

on the edges;, and vanish identically on all faces where the edgés not contained. Thus they also
vanish along all remaining edges.

that va,vc have the lowest and highest local index, respectively. Bohdaces
we therefore have three affine coordinad@sAg, Ac, such thatAa(va) = Ag(Ve) =
Ac(vc) = 1. By Ap we denote affine coordinate corresponding to the othergfuiiain
facesp, and write(pS — 2)(p% — 1)/2 face functions

O o7 = AaABACH, —1(As — Aa) b, 1(Aa— Ac)Ap, (2.7
1<, m4+np<ps -1
Quadrilateral face functionscorresponding to faces, i = 1,...,3, will be

constructed to have og a trace of local directional polynomial ordems,ny,
2<n < pSil, 2< np < pSi?, and will vanish on all remaining faces. Local co-
ordinate axes on the faces are now chosen to share diredtiothe corresponding
horizontal and vertical edges (see Figure 1).

There is a unique pair of edges belonging to the sadaoth of which are parallel
to the plane1&,. From this pair we select the (oriented) edge- vj,v;, belonging
to the bottom facess. Further, bys,,s, we denote the pair of faces that share a
single vertexvj, or vj, with the edgee;j, respectively.

We can define face functions

Or e = AirPAi, PALPAS PPy 2(Aiy P — Aiyp) P, —2(Asp — Asp), (2.8)
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2<ny < pSt, 2 < mp < p¥2. The construction of face functions is illustrated in
Figure 4.

Figure 4. Quadrilateral face functiomﬁ%nzp, 2 < ng,ny are nonzero on the facg and in the ele-
ment interior. They vanish on all faces except$pand obviously on all edges and vertices as well.

Bubble functionwanish everywhere on the boundary of the reference domain.
It will probably come as no surprise that we construct themraslucts of bubble
functions corresponding to the master triangtg, and the Lobatto shape functions

|2,|37 . ,|pb.2 in 3.

O e = ALpA2pAzptn,—1(Asp —A2p)Pn,—1(A2p — A1p)ln (€3),
(2.9)

1< Ny, no; np+np < pPl—1; 2< n3 < pP2. Hence the number of bubble functions
is
(P>t —2)(p*t 1) (p*2-1)/2. (2.10)

Numbers of scalar hierarchic shape functions in the basikeobpacé\p are
summarized in Table 1.

Proposition 2.1. Shape functions2(5), (2.6), (2.7), (2.8), and .9) constitute
a hierarchic basis of the spacep\efined in 2.3).
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Table1. Scalar hierarchic shape functions.4f'.

Node Polynomial Number of Number of
type order shape functions nodes
Vertex always 1 6
Edge 2< ps p%—1 9
Triangular face X pd (p5—2)(p%—1)/2 2
Quadrilateral face ~ Z pSt,p3?  (pSt—1)(pS2—-1) 3
Interior 3 pPt2< ph? (2.10) 1
Proof. Straightforward. d

Remark 2.1 Conditioning. When designing higher-order shape functions, the
conditioning aspect becomes much more pronounced tham ilower-order case.
It is well known that Lobatto shape functions are optimal 1 (ktiffness matrix
for the Laplace operator with zero Dirichlet boundary cdinds has the condition
number equal to one). Bubble functions (2.9) were deriveahfthe triangular shape
functions

B2 i = ApA2pAspdn,_1(Asp —A2p)Pr,—1(Azp — Avp),

1< m,mp; np+ny < pPl—1; 2< ng < pP?, first introduced in [13], [14]. Their
conditioning was analyzed in [14] with favorable results.

3. H(CURL)-CONFORMING PRISMATIC ELEMENT #CURL

As in the scalar case, we allow for anisotropicefinement of prismatic elements,
and therefore consider local directional orders of appnation p®!, p>2 in the
interior. The ordemp®! corresponds to the plar&g &, (we will designate this the
horizontal direction and p®2 to the vertical direction &;. We have three quadri-
lateral facess, i = 1,...,3, which will be equipped with local directional orders
of approximationp®1, p3-2 (in horizontal and vertical directions, respectively)i-Tr
angular facesy,ss come with one local order of approximatig$ per face only.
Standard local polynomial ordep§t, ..., p® will be assigned to edges.

A finite element of arbitrary order on the reference domi&nwill be con-
structed in the conventional way as a trigg™" = (Kp, Qp, Z&"). We saw in Sec-
tion 2 that scalar polynomialg on the reference prisiip = K; x K5 have a product
form ¢ € Zm,.m,(Kp), defined in (2.4). The way the gradient operdibacts on a
space of this form,

O
P +1.m+1(Kp) — Py mp+1(Kp) X Py mp+1(Kp) X Ry +1.m, (Kp), (3.1)
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determines the choice of an appropriate ancestor space

W = {We Hppii1,p241(Kp); Wls € Lpnasg paziq(s) fori=1,2,3;
W|S € ‘@p§+l(3) fori :4751 W|ej € c9zpej-|-1(ej)7 J = 17"'79}7

and suggests that a finite element of the forg"" = (Kp, Qp,>%"") should be
equipped with polynomial space

Qp = {E € Zp1 p241(Kp) X Zpa pp2,1(Kp) X Zpasq p2(Kp);
ET|S S gp§,17p$,2+1(3) X gpq,l_,'_qu,z(S) fori = l,.. . ,3,
Etls € (Zps)%(s) fori = 4,5;
E-tlg € Zri(e), j=1,...,9}. (3.2)

Here agairE:|s = E —nj(E - ;) is the projection of the vectdE on the faces.

Remark 3.1. Relation (3.1) suggests that the first two vector componeatg
be constructed using produatg(&1,&2)1 (€3) of shape functions associated with the
master triangle# " in &1, &, and the Lobatto shape functions&s The third vec-
tor component will be constructed in the form of produgit&s;, §2)L(&3) of scalar
shape functions associated with the master triarifein &3, &>, andoriginal Leg-
endre polynomialén &3. To simplify the notation, we will view all two-dimensional
vectors corresponding to the master triangl$ and.#°“" (normal and tangential
vectors to its edges, vector-valued shape functions, atthree-dimensional vec-
tors with zero third componenthese vectors will obviously be perpendicular to the
third canonical vecto€ ;. We will also use the fact that for each quadrilateral face
5 there is a unique matching edgeof the reference triangli;.

Edge functionaplijp, i=1...,9,k=0,...,p%, will be designed so that the
tangential component Qﬁlijp vanishes on all edges except fgr where it matches

the Legendre polynomialsy, L1, ...,L .. Recall reference triangl€; affine coor-
dinates

Mileng) = 2 33)
holEnl) = 22
1
daln &) = S
standard scalar triangular vertex functions
¢ (E1,&) = Axp(&1,82), (3.4
02(81,&2) = Azi(é1,82),

$0%(&1,8) = A1(81,&)
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and standardH (curl)-conforming Whitney functions
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and higher-order edge functions

2k—1
w = %

2< k< p®,

k-1

2< k< p?%,

2k—1
e = %
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k
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k
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k

€1
€2 >

€3

S Tleo

-1
— Lk

(3.5)

> 1, (3.6)

=1,

(Azt — A20) U5t
3.7)

(Art — Az U3,

(A2t — Ar) ¥},

Edge functions corresponding to ed@gs . ., 3 (bottom of the reference priskp
is identical with the reference triangl&) can be written as

Wep(81,82,&8) = W (&1,&)l0(&a), ]

=1,...,3,0< k< p¥

(3.8)

(g is used here both for edges of the reference pKsmand reference triangli;).
For vertical edgesy, ..., e; we have edge functions

Lhulf.AP(Ela 627 53)
wkefp(glv EZ» 53)
L,UEGP(E]_, 627 53)

¢ (&1, 82)Lk(&3) &5, O<k< p™,

(3.9)

1% (&1,&2)Lk(&3) €3, O<k< P,
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The last three edges, ..., ey, corresponding to the top fass, are equipped with
edge functions

Ueh(61,82,83) = Yo (&,&)N(&), j=7,...,9, 0<k< p¥.  (3.10)

Next we add to the basis @p face functionsRecall the definition of local
coordinate systems for quadrilateral and triangular féwens the scalar case.

Face functions for quadrilateral facet the first step we generate face func-
tions, the tangential component of which is nonzero only @mgle quadrilateral
faces, and only in thehorizontaldirection. We define

W top = W1, 8)In,(&), 0<m<pit 2<m<p?+1  (3.11)

Here we use the same symbol for two matching ed@gefthe reference triangle and
prism. These functions completely vanish on both triangideess, andss, since
the Lobatto shape functiong+1) =0,i = 2,3,.... The tangential component of

functionswﬁl’}nﬁ in the vertical directioréz vanishes everywhere due to their zero
third vector component. The rest immediately follows frorogerties ofH (curl)-
conforming edge functionq&ar?bt associated with the master triangle.

Remaining face functions for quadrilateral faces will besigeed to have a
nonzero tangential component only on a single quadrilaface s, and only in

thevertical direction:
S2 48 S,1 S;,2
Wnl’nz.P — ¢n17t(517§2)|—ﬂ2(€3)537 2 < ny g p + 17 0 < Ny < p . (312)
Standard scalar edge functions of the master triargjfehave the form

ber = AaiAspdr_2(Azg —Azy), 2< k< p, (3.13)
be: = AstAridk_2(Arg —Asy), 2< k< p%,
b = Aidarde_o(Aar —Ary), 2< k< p®.

These functions makwﬁl’flzip vanish completely on the remaining vertical faces,
andé 5 ensures that their tangential components vanish moreoMeorizontal faces
&, Ss.

Face functions for triangular faces ss will be constructed in a similar way to
face functions for the master tetrahedraii®™" (see, e.g., [14]). First we assign to
these faces the same local orientation as in the scalarrc&sztion 2.

There are threedge-based triangular face functiofar each faces, i = 4,5:
Putl(&3) =lo(&3) if i =4, andl (&3) = 11(&3) otherwise. Let us begin with an edge
ej = vavg of the faces, which is also shared by another fage. The product
AaAgl (€3), Aa(va) = Ag(vs) = 1 vanishes on all faces except frsp, and gives
a quadratic trace omj. This trace is again extended kth-order polynomials by
multiplying it with Lx_2(Ag — Aa), kK= 2,3,..., p%. We use the normal vector, to
eliminate the tangential component from the fageand define

Yt = Aadeln—2(As—An)l(&3)np, m=2,3,...,p"%. (3.14)
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Figure 5. Consider the triangular fac® and its edgee;, which matches edge, of the reference
triangleK;. Multiplied by Ip(&3), the edge functionfﬂﬁh, 2< n < p%, yield a set of edge-based face

functionswrfijgl, 2< n; < p¥*: (a), (b), (c)they vanish completely on faces, sz (l{lﬁit =00ns,3)
andss (Io(1) = 0); (d) the tangential component vanishes also on fce

The construction is illustrated in Figure 5.
Genuine triangular face functionwill also be constructed in a way similar to
the tetrahedral case (see, e.g., [14]):

Watp = AadBAcLn—1(A8—Aa)Ln—1(Aa—Ac)l (&3)tag, (3.15)
Wﬁl’.znz,p = AaABAcLn—1(AB — Aa)Ln,—1(Aa — Ac)l (€3)tca,

1< ng,n; np+ny < p¥ — 1. The symbolsag, tca Stand for unitary tangential vec-
tors to the edgesag = VaVe, Eca = VcVa, respectively. The construction is illustrated
in Figure 6.

The basis of the spa&@- will be completed by addingubble functionswhose
tangential component vanishes everywhere on the surfabe oéference prisi{p.

First let us complete the part of the basis correspondingedwo first vector
components. This is done by multiplying edge-based andigernubble functions
associated with the master triang“" by the Lobatto shape functions g. Thus
we obtainquadrilateral-face-based bubble functions

WS = UNI(EL&)In(E), i=1,....3 (3.16)
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Figure 6. Again consider faces;. Multiplied by tangential vectorsag and tca, the product

AaAgAcLn,—1(A8 — Aa)Ln,—1(Aa — Ac)lo(&3) gives rise to genuine face functiomﬁ’i:ﬁzﬁp, ‘l’rﬁi:ﬁz,Pv

respectively(a), (b), (c), (d) they vanish completely on all faces except$gr(e), (f) their tangential
component is generally nonzero on fage

2 < < p°t, 2< ng < p*2+ 1, andgenuine bubble functions

WEm o = U (8L E2)ng (&), (3.17)

1<, m+n<pPl—1;2<m<p?2+1;m=12.

Finally we desigririangular-face-basedubble functions, which are only nonzero
in their third component. This can be done by multiplyinglacaubble functions
associated with the master triang§® in &1, &, by original Legendre polynomials

in &s:
b,3
U omep = Ot (E1,€2)Lny(83)E5, (3.18)
1< ng,np, 4+ < pPL0< g < pP2.

Numbers of vector-valued shape functions in the hierarbhgis of the space
Qp are summarized in Table 2.

Proposition 3.1. Edge functions3.8), (3.9), (3.10, face functions3.11), (3.12,
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Table2. Vector-valued hierarchic shape functions g,

Node Polynomial Number of No. of

type order shape functions nodes
Edge always p% 41 9
Quad. face horiz. X p3? (pSt+1)ps2 3
Quad. face vert. X pst (p324+1)pst 3
Tri. edge face X pd 3(p% -1 2
Tri. face genuine X ps (p% —1)(p% —2) 2
Quad. face bubble Z pPl,1< pP? 3(p°t —1)pP? 1
Genuine bubble X p®l, 1< pP?  (pP—1)(p>l—2)pP? 1
Tri. face bubble X pht (P>t —1)p>t(p>2+1)/2 1

(3.149), (3.19, and bubble functions3(16), (3.17 and .18 constitute a hierarchic
basis of the space gdefined in 8.2).

Proof. Itis easy to see that all of the aforementioned shape fumcti@long to
the vector-valued polynomial spa@p.

Next we verify that all shape functions are linearly indegemt. Edge functions
associated with horizontal edges have a zero third compowéiie edge functions
belonging to vertical edges only have a nonzero third corapbnFurther, edge
functions corresponding to horizontal edges, e;3 on the bottom completely van-
ish on the top faces and vice versa. Thus, functions from these three groups are
linearly independent, and so are functions within each grsince traces of their
tangential components match Legendre polynomials on appte edges.

Horizontal quadrilateral face functions (3.11) are linearly indepmmidof the
verticalones, defined by (3.12), since they again reside in diffarector-components.
Linear independence within each group follows from thedimiadependence of the
functions used for their definition.

Edge-based triangular face functions are linearly inddpenof the genuine
ones because the latter vanish completely on all quadualataces, with obvious
results. Also, linear independence of bubble functiontofad logically from the
properties of scalar and vector-valued functions usedar tefinition.

The tedious step, as always, is to verify that the number sistfanctions ex-
actly matches the dimension of the spa@e Let us start with a simplified sit-
uation, in which the element is generally anisotropicaityefined, but local or-
ders of approximation on faces and edges ravt reducedby local nonuniform
distribution of the order of approximation in the physicaésh. Thus we have
pb«,l — psl«,l A p33~l — p54 — p95 — pel A — pe.'i — pe7 T — peg’ and
pP2 = p2 = ... = p%2 = p = ... = p%, After a brief computation, we obtain
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that
b,1 b,1
im ~+2)(p"+3
di (Qp)=(Db‘l+1)(pb’1+2)(pb‘2+2)+(p )2(p )(pb,zﬂ)’
A B D"

C

whereA is the dimension of polynomial space associated with theanasangle
4% of order pP1, B is the number of the Lobatto shape functidgs..,lpz, 1,

C is the dimension of scalar polynomial space associated thi#ghmaster trian-
gle %% of order p®! + 1, and finally,D corresponds to the dimension of one-
dimensional polynomial space generated by Legendre poiiaisLo, ..., L p2. No-
tice that numbers\, B correspond to functions with zero third components, @rid

to functions whose two first components are zero. Now let usptde the basis
functions:

1. Functions with zero third component:

(a) Horizontal edges contribute 2(p>! + 1) edge functions (3.8), (3.10),
(b) quadrilateral faces yield 81+ 1) p2 (horizontal) face functions (3.11),
(c) and we have 23(p®! — 1) edge-based triangular face functions (3.14).

(d) Further there are(®"! — 1)p? quadrilateral face-based bubble func-
tions (3.16),

(e) 2Ap>t—1)(p! —2) genuine triangular face functions (3.15), and finally
(f (p>!—1)(p>! —2)p>2 genuine bubble functions (3.17).

2. Functions whose two first components are zero:

(a) Vertical edges contributg >2 + 1) edge functions (3.9),
(b) quadrilateral faces yield(8°* 4 1) p>? vertical face functions (3.12),

(c) and there argp®t — 1)p>1(p>2 + 1)/2 triangular face-based bubble
functions (3.18).

Summing up entries in the the first part, we arrive at

(1 + 1) (P +2)(p*2 +2).
The second part involves

(p*1+2)(p*1+3)
2

shape functions. Thus, the number of shape functions gxaetiches the dimension
of the spac&)p.

(p*2+1)
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All that remains to be done is to verify that this is also validen local orders
of approximation on edges and faces reduce. This can alteadgsily seen, taking
one local order of approximation after another, reducingndl observing that the
reduction of dimension of the spa@p exactly corresponds to the reduction of the
number of corresponding shape functions. d

4. H(DIV)-CONFORMING PRISMATIC ELEMENT %PV

Consider local directional orders of approximatiph?, p®2 in the element inte-
rior. The orderp®! corresponds to the plan@é&, (again, we will designate this
the horizontal direction, and p?? to the vertical direction&;. Quadrilateral faces
s,i=1,...,3, are assigned local directional orders of approximatidf, p5-2 (in
horizontal and vertical direction, respectively). Triafay facessy,ss come with
one local order of approximatiop® only, i = 4,5. Edges are not constrained by
H (div)-conformity requirements. '

The De Rham diagram (1.1) suggests that a finite element dbthe 7V =
(Kp, Vp, ZE,‘V) should be equipped with a vector-valued polynomial space

Vp = {V € B pp2(Kp) X Zppa pp2(Kp) X Zpp1_q pay1(Ke);
V-nls € Dpsase(s) fori=1,....3;
V-nlg € P, (s) fori=4,5}, (4.1)

which is defined only ifp®! > 1. The appropriate ancestor space has the form (3.2),
Qr = {E € Bpa pp211(Kp) X Zppr 2, 1(Kp) X Zppayq p2(Kp);
Et|3 € o@ps.l7p$.2+l(3) X gpq.l_i_qu.z(S) fOI’ | - l,.. . ,3,
Etls € (Pps)%(s) fori = 4,5;
E-tlg € Zri(g); j=1,...,9}.

The design of the finite elememfpd“’ will be accomplished by defining a suit-
able hierarchic basis of the spadge

Remark 4.1. Similarly as in theH (curl)-conforming case, we will exploit the
product geometriKp = K; x K to simplify the construction. The De Rham diagram
indicates that the first two vector components of the shapetifons should be con-
structed as products of shape functions associated witéster elementz @V in
&1, &> (again formally extended to 3D by adding zero third componemd Legen-
dre polynomials iré3, while the third vector component should have the form of a
product of scalar shape functions of the master elenhin &;, &>, and Legendre
polynomials inés.

The basis of the spasé will compriseface functionsvhose normal component
vanishes in the standard sense on all faces but onebualniole functionsvhose
normal component vanishes on all faces.
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Simplifying the notation as explained in Remark 4.1, faaecfions for quadri-
lateral faces, i = 1,...,3, can be written as

Vo nop(61,€2,83) = VR 1 (E1,&2)Lny(&3), 0<m < plo<m<pi? (4.2

where the standard two-dimensional Whitney functigfis have the form

Aziloy Aostay
g = oona fada (4.3)
ot tor Nyt t3p Nt

Atar  Aszglag
Vor = + 7
’ tar-Npp  Tip-Nog
Aotie  Agglog
tie-Nge  tor-Nay’

i

linear edge functions are written as

Aztor  Aoitag
’ tor Ny T3 Nyt

Atar  Aszglag e

ﬁ.zt = - 9 2 17
tar-Npy L1t Mot
Aoyt Aqit

= 2tie  Autar e o
tit N3y top-N3t

and higher-order edge functions are defined as

2k—1

ykei = K I—k— )\3t )\Zt Velt Lk_ )\3t )\Zt y31t7
2<k< pY (4.5)
2k—-1 1

Vo = Lk 1(Art — Az Vi§ — ——Lk—2(Are — Asp) Vo3
2<k<p%
2k—-1

e = K Lk—1(A2t — A1y) Vei Lk— (A2t —Ary) Ve%
2< k< p®.

The compatibility of face functions (4.2) with face funct® of the master brick
jifd"’ (—1,1)2 (see, e.g., [14]) is an immediate effect of the fact that eomnor-
mal components of 2D edge funconp%t are the Legendre polynomidlg, Ly, ..

Face functions for triangular faces andss will reside only in the third vector
component. Their construction is very similar as their lacgentations are the same
as that of the master trianglg;®V. Let us consider the facs first. First we need a
Whitney triangular face function, whose normal componenthe facess would be
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equal to one. Such a function will always be present in théslEHd/p, and we can
define it as

Vorp (&1, €2,83) = z ¢ (&1,&2)11(&3)ns 7, (4.6)

_,_/
=1

where¢®, k= 1,...,3, are scalar vertex functions of the master triangfé. Sim-
ilarly we define for the faces linear triangular face functions

Vi (61,82,8) = (&% — &™) (1,8l (&)nsp, (4.7)
Vi (61,6.8) = ($"— ) (&1, &)11(E3)nsp,

which are present in the basis\§f if p% > 1
Edge-based triangular face functionslated to the facss can be written as

Vor! = (81,8211 (Ea)nsp, 2< k< p>; | =7,8,9. (4.8)

Their normal components have the same form as those of tleelepd face func-
tions of the master tetrahedraqf-1,-1,-1], [1,—1,-1], [-1,1,-1], [-1,1,1))
(see, e.g., [14]). The last group of face functions for tloefg aregenuine triangu-
lar face functions

VE ot = Ot (1, &2)11(E3)Ns p, (4.9)

1< ng,np; np+ny < p* — 1, whose nonzero normal components match those of
genuine face functions of the master tetrahedron.

As for facesy, we only usdg(&3) instead of1(&3) to let the functions vanish on
the opposite triangular face and exchanges p for nsp.

At this point we need only bubble functions to complete thsidaf the space
Vp. Let us begin with functions that are only nonzero in thestfiwvo vector com-
ponents. We havhorizontal bubble functionef the form

nliLn27n3 P~ Vb(E]-? E2) Ln3(é3), 0 < n3 < pb727 (410)

whereP stands for edge-based bubble functions

Vk),iel = Asthailica(Asg — Aop)tay, 2< k< PP, (4.11)
Vg'tez = AtAsili 2(Arr — Asptay, 2< k< pP,

))k)”t% = AoiArile2(Aor —Artar, 2<k<p°,

and genuine bubble functions

nlilnzi = )‘l,t)\Z.t)‘S,thlfl()‘S,t - /\2.t)|—n271()\2,t — Al,t)fl, (4.12)
nl,znz,t = A1tA2¢A3¢ln —1(A3t — A2t ) Ln—1(A2t — A1) €,
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1< ng,np; Ny 4Ny < pP — 1, of the master triangleZ; % up to the ordep®* (recall
that in this cas@®! > 1). Their number is

(30 = 1)+ (PP - 1)(PP1 - 2)) (P22 + 1), (4.13)

Vertical bubble functionsvhose third vector component is the only one that is
nonzero are defined as

n1’72n27n3,p = ¢ (&1,E2)l0(83)11(&3)Lny 2(E3)E5, 2<ng < pP2 41, (4.14)

where ¢, stands forall scalar shape functionsp to the ordep®! — 1, associated
with the master triangle#;®. Scalar shape functions are here understood in the
above sense, i.e., involving one constant lowest-ordestiom$,™ + ¢,2 + ¢;, two
linear functions and standard higher-order edge and bubbtgions.

Numbers of vector-valued shape functions in the hierarbhgis of the space
Vp are summarized in Table 3.

Table3. Vector-valued hierarchic shape functions gV,

Node Polynomial Number of No. of
type order shapefunctions  nodes
Quad. facei = 1,2,3) aways  (pS1+1)(pS?+1) 3
Tri. face (i = 4,5) always (PP +1)(p*+2)/2 2
Horizontal bubble x pbl see (4.13) 1
Vertical bubble K pP? pPl(pPl41)p>2/2 1

Proposition 4.1. Quadrilateral face functions4(2), triangular face functions
(4.9, (4.7), (4.8 and @.9), and bubble functions4(10 and @.14 constitute a
hierarchic basis of the space\Vdefined in 4.1).

Proof. It is easy to see that all shape functions belong to the sgacand
their product structure easily reveals their linear inagejgnce. Finally we have to
verify that their number is equal to the dimension of the sp4c In this case the
computation is easy, looking separately at basis functwitis a zero third vector
component (4.6), (4.7), (4.8), (4.9) and (4.14), and atdasictions with zero first
two vector components (4.2) and (4.10). d

5. L>CONFORMING HIERARCHIC ELEMENT ,}ifp'-z

Let us briefly discuss the design bf-conforming finite elements of arbitrary or-
der on the reference domakp. Since no conformity restrictions are imposed on
vertices, edges and faces, all shape functiondalpble functions
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Consider local directional polynomial orders of approxiima p!, p®2 in the
element interior > in horizontal directioné;&,, and p in the vertical direction
&3 as before). Anisotropip-refinement of this element is allowed only in the verti-
cal direction. The basis of the space

Xp = A1 pp2(Kp), (5.1)
consists of p®! 4 1)(pPt + 2)(p>2 +1)/2 bubble functions
wr?l,nz,nsP = Lny (A3t — Aot)Lny (A2t — Art)Lng(€3), (5.2)
0< N, np; m+np < pt 0< ng < pP2.

Proposition 5.1. Shape functionss(2) form a basis of the space-Xdefined in
(5.9.

6. REFERENCE TRANSFORMATIONS

Before one can design global basis functions of the finiteedisional finite element
spacevh p, master element polynomial spaces have to be transforneaeteatwise
to the physical mesl, p.

The transformation rule is well known fétt-conforming approximations (see
below); however, in théd (curl)- andH (div)-conforming case one must be careful
to preserve theommutativity of the De Rham diagrgih 1) between the reference
domain and physical mesh level. It turns out that the madesnent polynomial
spaces have to be transformed differently Hdr, H (curl)- andH (div)-conforming
approximations (see, e.g., [7], [8]).

Consider a reference domalty physical mesh elemetit ¢ Ih,p, Sufficiently
smooth bijective reference map

xk (&) :K—K,
and the four appropriate types of master elements:
1. H! master elementz* = (K,W,31),
2. H(curl) master elementz " = (K, Q, zeur),
3. H(div) master elementz v = (K,V,2%) and

4. L2 master element? -’ = (K, X, 5.
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H?-confor ming elements The situation is conventional in the!-conforming case,
where the mapping} from the master element spad4K) to the corresponding
spaceVN(K) on the elemenk, A

W(

<)

D (6.1)
W(K),

requires that the function value of the master element shapetion W at each

reference poin€ € K coincides with the value of the transformed shape funation
at its imagex = Xk (&) € K. Hence the transformation rule reads

w= OF (W) = Wox 2, (6.2)
or, in other words,
w(X) =W(&) wherex = xg(&). (6.3)
The polynomial space on the mesh elemeitas the form
W = O (W). (6.4)

In the following we will need the reference map to be at I€fssmooth.

H (curl)-conforming elements The transform®@" of the master element space
Q(K) has to be designed in such a way thatlthle— H(curl) part of the De Rham
diagram,

WK 5 OK)
| @k | g (6.5)
Ck

W(K) — Q(K),

commutes. This means that starting with a scalar shapeidungtc W(K), one
arrives at the same vector-valued functire Q(K) either way. In other words,

Ci(Woxh) = Py (T W) (6.6)

has to hold for allv’e W(K).
It is not difficult to find ®$": use the chain rule to differentiate

Dxk

T
k(WoxcH)(x) = <D—E(f|5—xKl<x>)> CeW(Elexieg)  (B7)

(%—XEK> - ngi/] 0 X H(X).
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Hence, theH (curl) transformation rule reads
~ _T ~
E=0%(E)= [(D—E> E] o X, (6.8)

and the master element polynomial sp&xeansforms to

Q=o"(Q). (6.9)

This conclusion holds both in 2D and 3D (also see [7], [8]).

Remark 6.1 Transformation of the curl operator. It has been shown in [8]
that the curl operatotl x in the physical mesh can be written by means of the
curl operatori ks x on the reference domain as follows,

[k x E = (e < E). (6.10)
We use the symbol

k(&) :det<DD—XEK>

for the Jacobian of the reference nmgQ which is assumed to be always positive.

H (div)-conforming elements The divergence section of the De Rham diagram is
different in 2D and 3D (recall that it relatés® with H(div) in 2D andH (curl) with
H(div) in 3D). Therefore let us begin with the 2D case. In the sameasgagbove it

is necessary that the diagram

| ok | o (6.11)

commutes, i.e., that
[k x (Wox) = (T x W) (6.12)

holds for allw € W(K). Recall that in 2Dgurls = Cg x = (—9/9&2, 9/9&1).
Applying the operatof x to the expression

W(E) = (Woxc)(€),
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we obtain
oW de.Z dxm ow
05 | _ 086  0& %
oW OXc2  OXc1 ow
08 S 0&s 04 ox
Standard identity on inverse matrices yields that
de,Z dxm -1
06 & | _ (%)T 11
02 OXa DE) K
0& 0&

Hence theH (div) transformation rule reads

div /¢ Dx \ ' o] -1
V= CDK (V) = D—E JK Vv OXK 5 (613)
and the master element polynomial sp&cgansforms to
V = odv(V). (6.14)

Remark 6.2. Notice that in analogy to thid (curl)-conforming case, where the
vector-valued shape functions were transformed as gresdigyeH (div)-conforming
vector-valued shape functions transform as curls.

The result (6.13) holds in unchanged form also in 3D, wherdosk at the
H (curl) — H(div) section of the De Rham diagram,

[ x

!

V(R)

lq)%iv

Q(K)
lqafg”' (6.15)

(also see [7], [8]).

L2-conforming elements Finally we come to théd (div) — L? part of the De Rham
diagram,

D{ .

—

<

(K) X(K)
| o | ok
[:l(.

V(K) — X(K),

(6.16)
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which dictates thaH (div)-conforming master element shape functions have to be
transformedhs the divergencel hus the transformation rule reads

W= O (Q) = [J 1] ox L. (6.17)

Standard identity on determinants,

N (DXK>1 d (DXK>

0¢; g D¢ /i 9&; \ D¢ ik’
is used for the derivation of (6.17). The master elementrpmtyial spaceX(K),
transformed to the physical mesh, becomes

X = ®k (X). (6.18)
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