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H{-products in (—1,1)2

(w,-j, wkl)Hg(Kq) = Vw,'j(X1 N Xg) o Vwk/(X1 y X2) dX1 dX2
Kq

1 1
(5,';(/ //'(X)//(X)dX = 6]// /,'(X)/k(X)dX = (Sik(sj/
—1 —1

L?-products in (—1,1)2

(wijy W) 12(ky) = /K il dx dxz 7 0icdj

q

P. Solin, T. Vejchodsky Continuous hp Elements Based on Generalized Eigenfunctions



Intro

Why Integrated Legendre Polynomials?

@ Orthonormal bases in Pg(—1,1) C H&(—1,1)3

P. Solin, T. Vejchodsky Continuous hp Elements Based on Generalized Eigenfunctions



Intro

Why Integrated Legendre Polynomials?

@ Orthonormal bases in P§(—1,1) ¢ H{(—1,1):
e Integrated Legendre polynomials

P. Solin, T. Vejchodsky Continuous hp Elements Based on Generalized Eigenfunctions



Intro

Why Integrated Legendre Polynomials?

@ Orthonormal bases in P§(—1,1) ¢ H{(—1,1):
e Integrated Legendre polynomials
o Arbitrary basis + Gram—Schmidt

P. Solin, T. Vejchodsky Continuous hp Elements Based on Generalized Eigenfunctions



Intro

Why Integrated Legendre Polynomials?

@ Orthonormal bases in P§(—1,1) ¢ H{(—1,1):
e Integrated Legendre polynomials
o Arbitrary basis + Gram—Schmidt
e Nonunigueness = room for additional conditions
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Generalized Eigenfunctions

Another Set of Orthonormal Polynomials

@ Weak eigenproblem in V = PJ(—1,1)

/dJm dX—/\m/ Ym(X dx forallveV
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Generalized Eigenfunctions

Another Set of Orthonormal Polynomials

@ Weak eigenproblem in V = PJ(—1,1)

/dJm dX—/\m/ Ym(X dx forallveV

@ Basis: Bp = {91,092, ---:Gp—1}

p—1

k= YKgj
j=1

@ Discrete problem: SY = MYA
@ Analysis: Golub, Van Loan (e.g.)
@ Solution: LAPACK, Matlab, ...
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Generalized Eigenfunctions
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Generalized Eigenfunctions
Theorem

V ... Hilbert space,

W c V ...subspace of V, dim(W) = n < oo,

By = {’717’}/2,...7’}/”}, Bo = {w1,w2,...,wn} ...basesin W.
Leta: W x W — R be an inner product such that

a(vi,vj) = alwi,wj) = dj.

Then for any inner product b : W x W — R, matrices
M., = {b(vi, %)} ;=y and M, = {b(w;,wj)}};_; have the same set of
eigenvalues.

PROOF: See P. Solin, T. Vejchodsky: Continuous hp Elements
Based on Generalized Eigenfunctions of the Laplacian, Research
Report No. 2006-08, Department of Math. Sciences, University of
Texas at El Paso, 2006.
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Properties — Product Elements in R?

Product Shape Functions in Ky = (—1,1)¢
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Properties — Product Elements in R?

Product Shape Functions in Ky = (—1,1)¢
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Products

Properties — Product Elements in R?

Product Shape Functions in Ky = (—1,1)¢
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Products

Example: Square K, = (—1,1)?
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Figure: Conditioning of the stiffness and mass matrices, p =2,3,...,9.

Vejchodsky Continuous hp Elements Based on Generalized Eigenfunctions



Simplices

Simplicial Elements

e K c R simplex
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Simplices

Simplicial Elements

e K c R simplex
@ Space W = {v € PJ(K); v =0o0n 0K}

P. Solin, T. Vejchodsky Continuous hp Elements Based on Generalized Eigenfunctions



Simplicial Elements

e K c R simplex
@ Space W = {v € PJ(K); v =0o0n 0K}
@ Dimension ;
. _(p—k

P. Solin, T. Vejchodsky Continuous hp Elements Based on Generalized Eigenfunctions



Simplicial Elements

e K c R simplex
@ Space W = {v € PJ(K); v =0o0n 0K}

@ Dimension y
i i (P — k)
dim(W) = T
@ Weak eigenproblem:
/wm dx_)\m/ Ym(x)v(x)dx  forall v e P2(K)
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Simplicial Elements

e K c R simplex
@ Space W = {v € PJ(K); v =0o0n 0K}

@ Dimension y
i i (P — k)
dim(W) = T
@ Weak eigenproblem:
/z/)m dx_)\m/ Ym(x)v(x)dx  forall v e P2(K)

@ Matrix form: MY = SYA
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Simplices

Example: Triangle K; = ([-1,—1],[1,—1],[-1.1])
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Figure: Conditioning of the stiffness and mass matrices, p = 3,4, ..., 10.
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Example: L-Shape Domain Problem

Figure: The L-shape domain and its partition.
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Examples

Example: L-Shape Domain Problem
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Figure: Exact solution u (left) and the norm of its gradient (right).
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Role of Reference Ma

Sk Xk Xo &

Ki

X1

Several ways to map the central vertex of K;:

@ vertex w. lowest index (‘random”) in K;
@ vertex w. minimum angle in K;

@ vertex w. medium angle of K;

@ vertex w. maximum angle of K;
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Examples

Lobatto Shape Functions

Relative Amplitude

lowiest index
06 | | —— min. angle
—E&—mid. angle
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Figure: Condition number of stiffness matrix, p = 1,2,...,10.
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Examples

Jacobi Shape Functions
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Figure: Condition number of stiffness matrix, p = 1,2,...,10.
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Examples

Generalized Eigenfunctions
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Figure: Condition number of stiffness matrix, p = 1,2,...,10.
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Examples

Conditioning Comparison
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Figure: Condition number of stiffness matrix, p = 1,2,...,10.
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Examples

Conclusion and QOutlook

Generalized Eigenfunctions of A

@ Advantages for the hp-FEM:
e OG under both H} and L2 products
(in 1D, on product elements in R?, on simplices in RY)
e Excellent conditioning properties
e Almost independent of reference maps
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Conclusion and Outlook

Generalized Eigenfunctions of A

@ Advantages for the hp-FEM:

e OG under both H} and L2 products

(in 1D, on product elements in R?, on simplices in RY)
e Excellent conditioning properties
e Almost independent of reference maps

Outlook

@ Application in analysis (DMP, .. .)

@ Natural also for edge elements — talk by T. Vejchodsky
@ Stokes, linear convection-diffusion, Navier-Stokes, . ..
@ Monolithic hp-FEM for coupled problems
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