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Fluid-structure interaction

incompressible fluid (blood) and elastic structure

Newtonian?
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Numerical approximation

moving meshes, free surface flow

space-time discretization (higher order FEM)

structure/gas model + coupling
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Mathematical model

Governing equations

Continuity equation

∂ρ

∂t
+∇ · (ρv) = 0

Navier-Stokes system of equations

∂ρvi

∂t
+

∑
j

∂ (ρvivj)

∂xj
=

∑
j

∂σij(v)

∂xj

σ - Cauchy stress tensor (?)

we assume incompressible fluid

non-Newtonian × Newtonian
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Newtonian fluid

Cauchy stress tensor

p - normal stress component, τ - deviatoric components

σ = −pI + τ

for incompressible fluid

τ = 2µD

rate deformation tensor D

dij(v) =
1

2

(
∂vi

∂xj
+
∂vj

∂xi

)
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Sváček, P.

Outline

Introduction

Mathematical
description

Governing
equations

Non-Newtonian
fluid

Mesh motion and
free surface flows

Numerical
approximation

Numerical
experiments

Conclusions

Newtonian fluid

Cauchy stress tensor

p - normal stress component, τ - deviatoric components

σ = −pI + τ

for incompressible fluid

τ = 2µD

rate deformation tensor D

dij(v) =
1

2

(
∂vi

∂xj
+
∂vj

∂xi

)



On
approximation

of non-
Newtonian

fluid
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Non-Newtonian fluid

Rheology

Cauchy stress tensor

σ = −pI + τ ,

p - normal stress component, τ - extra stress tensor

constitutive equation (Reiner-Rivlin 1945,1947)

τij = A δij + B dij + C
∑
k

dikdkj

A,B,C functions of invariants of D(v)

shear rate

γ̇ij = 2dij , γ̇ =

√
1

2
γ̇ij γ̇ij
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Sváček, P.

Outline

Introduction

Mathematical
description

Governing
equations

Non-Newtonian
fluid

Mesh motion and
free surface flows

Numerical
approximation

Numerical
experiments

Conclusions

Non-Newtonian fluid

Rheology

Cauchy stress tensor

σ = −pI + τ ,

p - normal stress component, τ - extra stress tensor

constitutive equation (Reiner-Rivlin 1945,1947)

τij = A δij + B dij + C
∑
k

dikdkj

A,B,C functions of invariants of D(v)

shear rate

γ̇ij = 2dij , γ̇ =

√
1

2
γ̇ij γ̇ij



On
approximation

of non-
Newtonian

fluid
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Power law fluid

Generalized Newtonian fluid

τ = 2µ(γ̇) γ̇

Power Law fluid
µ = µ0γ̇

p−1

µ - shear viscosity

p = 1 - Newtonian fluid

p > 1 - shear thickening (dilatant)

p < 1 - shear thinning (pseudo plastic)
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Bingham fluid

τ0 - yield stress, µ - plastic viscosity

τ = τ0 + µγ̇,
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Free surface flows

Modelling difficulties

moving interfaces
physical transfer processes

Numerical difficulties

moving interface
certain quantities are discontinuous across the interface
(density, viscosity, pressure)
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Two phase flow

Navier-Stokes sytem of equations in Ω1,Ω2, (k = 1, 2)

∂v(k)

∂t
+ v(k) · ∇ · v(k) +∇p(k) = ∇ · σ(k)
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Two phase flow - boundary conditions

kinematic condition v1 = v2

dynamic condition (surface tension)

−(p(1) − p(2))n + (σ(1) − σ(2))n = 2Hκn +∇Sκ
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Free Surface Methods

1 Height function models
2 Interface Capturing Methods

Marker & Cell method
Volume of fluid (VOF) method,
Level set method

3 Interface Tracking Methods

moving meshes fits the interface
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Computations on Moving Meshes

How to approximate the time derivative ? AVI format
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Computations on Moving Meshes

Arbitrary Lagrangian-Eulerian method

Define ALE mapping At

At : Ωref 7→ Ωt

Domain velocity (grid velocity)

w̃g (t,Y ) =
∂At(Y )

∂t

ALE derivative - time derivative on ALE trajectory

DA

Dt
f =

∂f

∂t
+ (wg · ∇)f

Navier-Stokes system in ALE form

DA

Dt
v + (v −wg ) · ∇v +∇p = ∇ · τ (v)

∇ · v = 0 in Ωt
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Weak Formulation of generalized Newtonian fluid

ALE derivative is approximated

DAv

Dt
≈ 3vn+1 − 4ṽn + ṽn−1

2∆t

Weak formulation:

Weak formulation

(
3v

2∆t
, ϕ

)
+

(
[(v −wg ) · ∇] v, ϕ

)
+ (µ(γ̇) τv,D(ϕ))

−(p,∇T · ϕ) + (∇ · v, q) =

(
4ṽn − ṽn−1

2∆t
, ϕ

)
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Approximate solution

Galerkin approximations are unstable:

Babuška-Brezzi (inf-sup) condition needs to be satisfied

sup
vh∈Xh

(qh,∇ · vh)

‖vh‖1,2,Ω
≥ c‖qh‖0,2,Ω

very high Reynolds numbers → convection dominated
flows

Re loc
K =

h‖v‖K

ν
> 1

use Galerkin/Least-Squares stabilization
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Spatial discretization

Stabilization ψ = (w · ∇)ϕ+∇q

L(U,V ) =
∑
K

δK

(
3

2∆t
v −∇ · τ (v) + (w · ∇) v +∇p, ψ

)
K

,

F(V ) =
∑
K

δK

(
4vn − vn−1

2∆t
, ψ

)
K

,

Stabilized problem

Galerkin terms, GALS stabilization, grad-div stabilization

a(U,V )+L(U,V )+
∑
K∈τh

τK

(
∇ · v,∇ · ϕ

)
= f (V )+F(V ).

Higher Order FEM

continuous velocity-pressure approximations on triangles

generalized Taylor-Hood elements (Pk+1/Pk)
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Numerical experiments

Non-newtonian fluid (simple calculations!)

Newtonian fluid on moving meshes

Aeroelastic simulations (turbulent flow)
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Non-Newtonian fluid in pipe

µ = µ0(ε+ γ̇2)−α/2
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Non-Newtonian fluid in channel with sudden
expansion

Constitutive model

µ = µ0(ε+ γ̇2)−α/2
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Stall Flutter Approximation

α = (10 + 10 · sin(2πft)),Re = 5000
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Stall Flutter Approximation

α = (10 + 10 · sin(2πft)),Re = 5000

α = 10.859 α = 18.3407 α = 19.9988

α = 19.4553 α = 12.045 α = 8.06
Naudasher, E., Rockwell, D., Flow-Induced Vibrations, 1994
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Stall Flutter

Fluid velocity isolines, Re = 5 · 105 AVI(1) format
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Prescribed vibrations of α, 30 Hz, amplitude 3,2,1
degrees.
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Prescribed vibrations of α, 30 Hz, amplitude 1
degree.
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Pressure coeficient (up/down) at x/c = 0.15 - dependence on
time.
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Pressure Coefficient

What is pressure coefficient?

cp =
p − p0
1
2ρU

2
∞

for prescribed vibrations

α = α0 · sin(2πft)

the pressure at airfoil surface behaves (approx.) like

cp = cmean
p + c ′p sin(2πft) + c ′′p cos(2πft)

comparison with experimental data
Benetka, J. et al, Tech. report 3418/02, ARTI, 2002 ,
Triebstein, H., 1986., J. Aircraft 23.
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Comparison of cmean
p with experimental data
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Comparison of cmean
p with experimental data
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Comparison of c ′p with experimental data
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Comparison of c ′p with experimental data
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Comparison of c ′′p with experimental data
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Comparison of c ′′p with experimental data
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Aeroelastic problem
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Aeroelastic model - Turbulent Flow
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Solution of the coupled aeroelastic model (h,α), U = 5m/s
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Aeroelastic model - Turbulent Flow
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Aeroelastic model - Turbulent Flow
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Aeroelastic model - Turbulent Flow
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Aeroelastic model - Turbulent Flow
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Solution of the coupled aeroelastic model (h,α), U = 29m/s
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Recent/Future Works

Verification of the non-Newtonian fluid models (power
law/Bingham fluid)

ALE method in the case of free surface

VOF algorithm / level set algorithm

Verification of the free surface flow algorithm
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